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Adams-Trudinger-Moser inequalities of Adimurthi-Druet
type regulated by the vanishing phenomenon and its

extremals1

Let Ω be an open domain in Rn (n ≥ 2) and let W m, n
m (Ω) with 1 ≤ m < n be the standard

higher order derivative Sobolev space in the critical exponential growth threshold. We investi-
gate a new Adams-Adimurthi-Druet type inequality on the whole space Rn which is strongly
influenced by the vanishing phenomenon. Specifically, we prove
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where 0 ≤ γ < 1, 0 ≤ α < 1, ∇mu is the m-th order gradient for u, 0 ≤ β ≤ β0, with β0 being
the Adams critical constant, and Φn(t) = et − ∑n−2

k=0
tk

k! . In addition, we prove that the con-
stant β0 is sharp. We also derive an Adams-Adimurthi-Druet inequality for a smooth bounded
domain Ω ⊂ Rn by applying our above inequality for whole space Ω = Rn together with a
clever scaling argument, a procedure that, to the best of our knowledge, was observed for the
first time in the literature. In the subcritical case β < β0, the existence and non-existence of
extremal function are investigated for n = 2m and attainability is proven for n = 4 and m = 2
in the critical case β = β0.
1Work in collaboration with José F. A. de Oliveira and Fábio Sodré
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