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Abstract

In this thesis, a variety of Fokker-Planck (FP) optimal control problems are investigated. Main emphasis
is put on a first— and second—order analysis of different optimal control problems, characterizing optimal
controls, establishing regularity results for optimal controls, and providing a numerical analysis for a

Galerkin—based numerical scheme.

The Fokker—Planck equation is a partial differential equation (PDE) of linear parabolic type deeply con-
nected to the theory of stochastic processes and stochastic differential equations. In essence, it describes
the evolution over time of the probability distribution of the state of an object or system of objects under
the influence of both deterministic and stochastic forces. The FP equation is a cornerstone in under-
standing and modeling phenomena ranging from the diffusion and motion of molecules in a fluid to the

fluctuations in financial markets.

Two different types of optimal control problems are analyzed in this thesis. On the one hand, Fokker—
Planck ensemble optimal control problems are considered that have a wide range of applications in
controlling a system of multiple non—interacting objects. In this framework, the goal is to collectively
drive each object into a desired state. On the other hand, tracking—type control problems are investigated,
commonly used in parameter identification problems or stemming from the field of inverse problems. In
this framework, the aim is to determine certain parameters or functions of the FP equation, such that
the resulting probability distribution function takes a desired form, possibly observed by measurements.
In both cases, we consider FP models where the control functions are part of the drift, arising only from
the deterministic forces of the system. Therefore, the FP optimal control problem has a bilinear control
structure. Box constraints on the controls may be present, and the focus is on time—space dependent
controls for ensemble-type problems and on only time-dependent controls for tracking—type optimal

control problems.

In the first chapter of the thesis, a proof of the connection between the FP equation and stochastic
differential equations is provided. Additionally, stochastic optimal control problems, aiming to minimize
an expected cost value, are introduced, and the corresponding formulation within a deterministic FP
control framework is established. For the analysis of this PDE—constrained optimal control problem,
the existence, and regularity of solutions to the FP problem are investigated. New L°°—estimates for
solutions are established for low space dimensions under mild assumptions on the drift. Furthermore,
based on the theory of Bessel potential spaces, new smoothness properties are derived for solutions to
the FP problem in the case of only time—dependent controls. Due to these properties, the control-to—
state map, which associates the control functions with the corresponding solution of the FP problem,
is well-defined, Fréchet differentiable and compact for suitable Lebesgue spaces or Sobolev spaces. The
existence of optimal controls is proven under various assumptions on the space of admissible controls
and objective functionals. First—order optimality conditions are derived using the adjoint system. The
resulting characterization of optimal controls is exploited to achieve higher regularity of optimal controls,
as well as their state and co—state functions. Since the FP optimal control problem is non—convex due to its

bilinear structure, a first—order analysis should be complemented by a second—order analysis. Therefore,



a second-order analysis for the ensemble-type control problem in the case of H!-controls in time and
space is performed, and sufficient second—order conditions are provided. Analogous results are obtained
for the tracking—type problem for only time—dependent controls.

The developed theory on the control problem and the first— and second—order optimality conditions is
applied to perform a numerical analysis for a Galerkin discretization of the FP optimal control problem.
The main focus is on tracking-type problems with only time-dependent controls. The idea of the pre-
sented Galerkin scheme is to first approximate the PDE—constrained optimization problem by a system
of ODE—constrained optimization problems. Then, conditions on the problem are presented such that
the convergence of optimal controls from one problem to the other can be guaranteed. For this purpose,
a class of bilinear ODE—constrained optimal control problems arising from the Galerkin discretization
of the FP problem is analyzed. First— and second—order optimality conditions are established, and a
numerical analysis is performed. A discretization with linear finite elements for the state and co—state
problem is investigated, while the control functions are approximated by piecewise constant or piecewise
quadratic continuous polynomials. The latter choice is motivated by the bilinear structure of the op-
timal control problem, allowing to overcome the discrepancies between a discretize—then—optimize and
optimize—then—discretize approach. Moreover, second—order accuracy results are shown using the space
of continuous, piecewise quadratic polynomials as the discrete space of controls. Lastly, the theoretical

results and the second—-order convergence rates are numerically verified.



Zusammenfassung

In dieser Dissertation werden verschiedene Fokker—Planck (FP) optimale Steuerungsprobleme untersucht.
Die Schwerpunkte liegen auf einer Analyse von Optimalitdtsbedingungen erster und zweiter Ordnung, der
Charakterisierung optimaler Steuerungen, dem Herleiten hohere Regularitéit von optimalen Kontrollen
sowie einer theoretischen numerischen Analyse fiir ein numerisches Verfahren basierend auf einer Galerkin
Approximation.

Die Fokker—Planck Gleichung ist eine lineare, parabolische, partielle Differentialgleichung (PDE), die aus
dem Gebiet stochastischer Differentialgleichungen und stochastischer Prozesse stammt. Im Wesentlichen
beschreibt sie die zeitliche Entwicklung der Wahrscheinlichkeitsverteilung des Zustands eines Objekts bzw.
eines Systems von Objekten unter dem Einfluss sowohl deterministischer als auch stochastischer Kréfte.
Die Fokker—Planck Gleichung ist ein Eckpfeiler zum Verstédndnis und Modellieren von Phidnomenen, die
von der Diffusion und Bewegung von Molekiilen in einer Fliissigkeit bis hin zu den Schwankungen in
Finanzmérkten reichen.

Zwei verschiedene Arten von optimalen Kontrollproblemen werden in dieser Arbeit umfassend analysiert.
Einerseits werden Fokker—Planck Ensemble Steuerungsprobleme betrachtet, die in der Kontrolle von
Systemen mit mehreren nicht wechselwirkenden Objekten vielfiltige Anwendungen haben. In diesem
Gebiet ist das Ziel, alle Objekte gemeinsam in einen gewiinschten Zustand zu lenken. Andererseits wer-
den Tracking Kontrollprobleme untersucht, die hdufig bei Parameteridentifikationsproblemen auftreten
oder aus dem Bereich inverser Probleme stammen. Hier besteht das Ziel darin, bestimmte Parameter
oder Funktionen der Fokker—Planck Gleichung derart zu bestimmen, dass die resultierende Wahrschein-
lichkeitsverteilung eine gewiinschte Form annimmt, welche beispielsweise durch Messungen beobachtet
wurde. In beiden Fillen betrachten wir FP Modelle, bei denen die Kontrollfunktion Teil des sogenannten
Drifts ist, das heifit der Teil, der nur aus den deterministischen Kréften des Systems resultiert. Daher hat
das FP Kontrollproblem eine bilineare Struktur. Untere und obere Schranken fiir die Kontrollfunktionen
konnen vorhanden sein, und der Fokus liegt auf zeit— und raumabhéingigen Steuerungen fiir Ensemble
Kontrollprobleme, sowie auf nur zeitlich abhéngigen Steuerungen fiir Tracking Kontrollprobleme.

Am Anfang der Dissertation wird ein Beweis fiir den Zusammenhang zwischen der FP Gleichung
und stochastischen Differentialgleichungen dargelegt. Dariiber hinaus werden stochastische optimale
Steuerungsprobleme eingefiihrt, deren Ziel es ist, einen erwarteten Kostenwert zu minimieren. Zusét-
zlich wird das Problem als ein deterministisches FP Kontrollproblem formuliert. Fiir die Analyse dieses
Kontrollproblems wird die Existenz und Regularitit von Losungen fiir die FP Differentialgleichung un-
tersucht. Neue L°>°—Abschéitzungen fiir Losungen werden fiir niedrige Raumdimensionen unter schwachen
Annahmen an den Drift bewiesen. Zusétzlich werden, basierend auf der Theorie {iber Bessel Potential-
rdume, neue Glattheitseigenschaften fiir Losungen des FP—Problems im Falle zeitabhédngiger Steuerun-
gen erarbeitet. Aufgrund dieser Eigenschaften ist die sogenannte control-to—state Abbildung, welche die
Kontrollfunktion mit der entsprechenden Losung des FP Problems verkniipft, wohldefiniert, Fréchet—
differenzierbar und kompakt fiir geeignete Lebesgue—Raume oder Sobolev—R&aume.

Die Existenz optimaler Steuerungen wird unter verschiedenen Annahmen an den Funktionenraum der



Kontrollen und des Kostenfunktionals bewiesen. Optimalitédtsbedingungen erster Ordnung werden unter
Verwendung des adjungierten Systems aufgestellt. Die daraus resultierende Charakterisierung optimaler
Steuerungen wird genutzt, um eine hohere Regularitidt optimaler Steuerungen sowie ihrer Zustandsfunk-
tion und des adjungierten Problems zu erhalten. Da das FP Kontrollproblem aufgrund der bilinearen
Struktur nicht konvex ist, sollte eine Analyse von Optimalitdtsbedingungen erster Ordnung durch eine
Analyse von Optimalitéitsbedingungen zweiter Ordnung ergéinzt werden. Dies wird fiir das Ensemble
Kontrollproblem im Fall von zeit— und ortsabhiingigen Steuerungen mit H'-Regularitit durchgefiihrt,
und hinreichende Bedingungen fiir lokale Minimierer werden hergeleitet. Analoge Ergebnisse werden fiir
das Tracking—Problem fiir nur zeitabhingige Steuerungen bewiesen.

Die entwickelte Theorie zu diesem optimalen Steuerungsproblem und dessen Optimalitdtsbedingungen
wird angewendet, um eine numerische Analyse fiir eine Galerkin—Diskretisierung des FP Kontrollproblems
durchzufiithren. Der Schwerpunkt liegt auf Tracking—Problemen mit nur zeitabhéngigen Steuerungen. Die
Idee des vorgestellten Galerkin—Verfahrens besteht darin, das PDE-Optimierungsproblem zunéchst durch
ein System von Optimierungsproblemen mit gewéhnlichen Differentialgleichungen (ODE) als Nebenbedin-
gung zu approximieren. Dann werden Bedingungen an das Problem présentiert, sodass die Konvergenz op-
timaler Steuerungen von einem Problem zum anderen garantiert werden kann. Zu diesem Zweck wird eine
Klasse bilinearer ODE—-Kontrollprobleme analysiert, welche sich aus der Galerkin—Diskretisierung des FP
Problems ergeben. Optimalitdtsbedingungen erster und zweiter Ordnung werden bewiesen, und eine nu-
merische Analyse wird durchgefiihrt. Eine Diskretisierung mit linearen Finiten—Elementen der Zustands—
und Adjungiertengleichung wird untersucht, wihrend die Kontrollfunktionen durch stiickweise konstante
oder stetige, stiickweise quadratische Polynome approximiert werden. Diese Wahl wird durch die bilin-
eare Struktur des optimalen Kontrollproblems begriindet, da sie es ermoglicht, die Diskrepanzen zwischen
einem Ansatz von ,zuerst diskretisieren dann optimieren” und ,zuerst optimieren dann diskretisieren” zu
iiberwinden. Durch die Verwendung stetiger, stiickweise quadratischer Polynome als Diskretisierung der
Steuerungen kann auflerdem quadratische Konvergenzordnung gezeigt werden. Abschliefend werden die

theoretischen Ergebnisse und die Konvergenzraten zweiter Ordnung numerisch verifiziert.
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Introduction

The Fokker-Planck (FP) equation is a fundamental partial differential equation (PDE) that plays a central
role in the field of statistical physics, particularly in describing the dynamics of stochastic processes.
It finds widespread application in understanding the behavior of (partially) random systems and the

evolution of probability distributions associated with them.

Named after physicists Adriaan Fokker and Max Planck, this equation provides a mathematical framework
for modeling the probability density function of the motion of a particle or other relevant variables in the
presence of random or stochastic forces. Initially derived to analyze the Brownian motion problem, the
Fokker—Planck equation addresses scenarios where a small yet macroscopic particle is immersed in a fluid.
In this context, the fluid’s molecules exert unpredictable kicks on the particle, leading to fluctuations in
its velocity. The consequence is an inherent uncertainty regarding the particle’s exact dynamics, giving
rise to a probability distribution p = p(t,x), where the integral fU p(t,x) dz gives the probability of the
particle having a velocity T € U at time ¢. As the scientific landscape evolves, nowadays, the application
of the Fokker-Planck equation extends beyond its original association with Brownian motion. It has
seamlessly integrated into diverse fields within the natural sciences — from solid—state physics to quantum
optics, chemical physics, theoretical biology, and circuit theory — the Fokker—Planck equation stands as a
versatile tool to analyze complex systems under the influence of random fluctuations. The investigation
of the motion of particles has evolved into modelling collective motion of groups, such as the movement
of molecules and bacteria, and the motion of herds of animals like fishes and birds. Furthermore, the
applications of the Fokker—Planck equation are not limited to the case of probability distributions, or
where the state x in the probability distribution function (PDF) p = p(t, x) is the velocity or position of
the object. As an example, we mention the Black—Scholes equation as a special case of a FP equation.
This equation appears in mathematical finance to model the price evolution V' = V' (¢, S) of derivatives
under the Black—Scholes model, and in that context, V is a function of time ¢ and the stock price S and
it is not a PDF. Another relevant example stems from the field of stochastic epidemic models, where
it is the aim to model the spread of diseases among a population of size N, which is divided into k

different compartments « = (z1,...,x;). One individual belongs at one point in time ¢ exactly to one
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compartment x;, and the individual will eventually transfers to other compartments due to the dynamic of
the disease. Typical example of compartments in epidemic models are, among others, the group of healthy
and susceptible individuals, the group of infectious individuals and the group of recovered individuals. In
that context, integrating the corresponding probability distribution function p, given by the FP equation,
over a region U C [0, N]* at time ¢, yields the probability of (z1,..., ) taking values in U.

A general concept in modelling complex systems in natural sciences is that once a suitable mathematical
framework is established, we are interested in controlling the possible outcomes. In terms of the FP
equation, this means the following. The FP equation answers the question, how the possibility of certain
outcomes evolve over time, under the assumption that the dynamics of the problem are known. The
question of controlling a process goes the other way around. Thus, we ask, how we have to adapt
the dynamics of the problem, such that certain desired outcomes are highly likely; or certain undesired
outcomes are very unlikely, respectively. If we go back to the Brownian motion problem formulated in a
Fokker—Planck control framework, we are no longer interested in the motion that the particle will most
likely have given its force field, but we want to determine a specific force field such that the particle has
(most likely) the desired motion. In the context of stochastic epidemiological models and the modelling
of infectious diseases, the typical controllable dynamics of the system are, among others, vaccination of
the individuals or reducing the contact rate between individuals. Therefore, a Fokker—Planck control
framework provides a robust mathematical tool to analyze which of these actions to take, in order to
reduce the likelihood of an outbreak of the disease.

In summary, the Fokker—Planck equation and the Fokker—Planck optimal control framework are powerful
tools providing a formalism to study and control the dynamics of systems subject to random influences.
Their application extends across various scientific disciplines, making it a key concept in the analysis and
the control of stochastic processes and their impact on the behavior of physical, financial and biological
systems.

The thesis is organized as follows. In Chapter 1, we introduce stochastic differential equations and recall
basic definitions such as the It6 integral and the Wiener processes. Then, we prove that the evolution of
probability distribution functions for certain stochastic processes is given by the solution of the Fokker—
Planck problem. Based on this, the connection of stochastic optimal control problems and Fokker—Planck
optimal control problems is established. In order to analyze the resulting PDE—constrained optimal
control problem, we consider optimization problems and useful optimality conditions in a general setting,
while main emphasis is put on problems formulated in infinite-dimensional Banach spaces.

The second chapter is devoted to the analysis of the (inhomogeneous) Fokker—Planck differential equation
with flux—zero boundary conditions and given initial data. We introduce the concept of weak solutions,
prove uniqueness and well-posedness of the problem, and derive higher regularity of solutions under
additional assumptions. Furthermore, a result on maximal LP-regularity is given, based on the theory of
Besov spaces. Next, the control-to—state map is introduced and its well-posedness on a variety of sets
of admissible controls is discussed. We proceed by proving Fréchet differentiability, Lipschitz continuity
and compactness results. The second chapter is concluded by analyzing the linearized Fokker—Planck
problem.

In Chapter 3, a variety of ensemble FP optimal control problems are investigated. We prove existence
of optimal controls in different settings and also discuss under which conditions the ensemble optimal
control problem does not possess solutions. Afterward, we perform a first—order analysis by an adjoint—
based approach and provide implicit representations for optimal controls. The chapter is closed with a
second—order analysis, relying on the general theory of optimization problems in Banach spaces developed
in Section 1.3.

Chapter 4 is devoted to the FP tracking optimal control problem. We focus on only time-dependent,
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vector valued controls, motivated by the ansatz u(t,x) = M (z)a(t). This ansatz is a reasonable trade—
off between complexity and accuracy of the problem, assuming that the space dependency of u can be
represented sufficiently well by the components of the (possibly high—-dimensional) matrix—valued function
M = M (z). Similarly to the previous chapter, we perform a First— and second-order analysis. The results
are essential for the detailed numerical analysis performed in Chapters 5-7.

In Chapter 5, we formulate our discretization scheme in a general setting. The idea is to first approximate
the PDE optimal control problem by a semidiscrete Galerkin scheme, which yields a sequence of ODE—
constrained optimal control problems. Subsequently, we provide conditions on the problem such that
convergence of optimal controls from the ODE-optimal control problem to the PDE optimal control
holds. Then, we apply this method to our FP control problem and derive the corresponding ODE—-
control problem. In Chapter 6, this problem is analyzed in depth, and a numerical analysis for a finite
element discretization is provided. Linear and quadratic convergence rates are proven, and a numerical
test is performed to validate the results.

In Chapter 7 of this thesis, the findings of Chapters 4-6 are combined, and convergence rates of numerical
solutions to the Fokker—Planck optimal control problem of tracking type are established.

The results of this thesis are based, in part, on research for the following scientific papers:

J. KORNER AND A. BORzl, Second—order analysis of Fokker—Planck ensemble optimal control problems,
ESAIM: Control, Optimisation and Calculus of Variations, (2022).

J. KORNER AND A. BORzl, Accuracy estimates for bilinear optimal control problems governed by ordinary
differential equations, Numerical Functional Analysis and Optimization, 44 (2023), p. 564-602.

J. KORNER AND A. BORZI, Accuracy of semidiscrete Galerkin approzimations to optimal control prob-
lems with an application to the Fokker—Planck problem, submitted to Journal of Dynamical and Control

Systems.

Notations

We use the following notations throughout this thesis. Let N = {1,2,...} denote the set of natural
numbers without zero and Ny := NU {0}. For n € N and two vectors z,y € R™, we denote by

n
zoy=aly= Zl‘iyi, |z ==V

i=1

T is its transposed. An inequality between two

the Euclidean scalar product and the norm, where x
vectors x,y or between a vector and a number z € R, is to be understood componentwisely, i.e., z < y
iff ¢; <y, foralli=1,....nand z < ziff x; < zforalli=1,...,n. When we write a > 0, this shall
always imply that a is a real number. Given any set M C R", we denote by C(M) = C°(M) the set of

continuous functions from M to R. For functions f : M — R, we define the sup norm as follows

[flloc = sup{[f(2)| : z € M}.

Let U be an open set and k € Ny U {oo}. We denote by C*(U) the space of all k—times continuously
differentiable functions on U with norm

| fller @y = Z D% flloo, K # 0.

lal1<k

In that context, o € NJ is a multi-index with |a|; := Y., @; and the corresponding derivative reads
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For s €]0, 1], we denote by C*(U) = C%*(U) the space of all Holder continuous functions to the exponent
s with the semi-norm

[f(x) = f(y)]

Il = sup { L=

:m,yEUandaﬁ;«éy}.

The Banach space C*+5(U) = C**(U) for 0 < s < 1 is the set of all functions which have Holder
continuous k-th derivatives, and we introduce the corresponding norm

oo (U)) -

I lckes@y = D (1D fllo + 1D f]

lali <k

We mention that we may abbreviate the following words throughout the thesis: subject to (s.t.), almost
everywhere (a.e.), for almost every (f.a.e.) and with respect to (w.r.t.).
For any measurable f : U — R, we denote by f; := max{f,0} and f_ := min{f,0} its positive and

negative part, respectively. Furthermore, we define the support of f as follows

supp f := U\U {U"C U open : fiyr =0 ae.}.

The symbol C*(U) denotes the space of functions from C*(U) with compact support in U.

Next, we introduce the Lebesgue spaces for p € [1, o0]
LP(U) := {f : U — R measurable : || f||1»@) < oo}.

As usual, two functions belonging to LP(U) which agree almost everywhere are identified, and thus, we

may introduce the (full) norms

1/q
1oy = ( / If(w)lqu) . gell oo,
U
| flleeqy :==inf {L>0:|f(z)| <L fae zecU}.

If clear from the context, we will write || f||, := ||f||zr) for p € [1,00]; notice that the L>*-norm and
sup—norm coincide for pointwisely defined functions on U. We remark that pointwisely defined operations
for functions from Lebesgue spaces are, in general, not well-defined. Thus, throughout this thesis, we will
always mention it clearly if a pointwisely defined representative of some function f € LP(U) is chosen. If
such function f is known to be continuous (after possibly modifying f on a set of measure zero), we will
write f € LP(U) N C(U) in order to choose the continuous representative. For k € Ny and p € [1, o0],
we introduce the Sobolev spaces W*P?(U) consisting of all functions f : U — R with weak derivatives
Def e LP(U), |a|; < k. The corresponding norms are given by

1/q
fllweswy == D ID*fIE]  1<g<oo,
lal1<k
o () = D .
I fllwes ) max 1D fl oo
For an open, non-empty interval ]a,b[, we write L”(a,b) := LP(]a,b[) with analogous notations for
Sobolev spaces. Given any Banach space (X, || - || x) and a subspace Y C X, we define

v o= {g € X : there exists (g;)jen C Y such that ||g — g;||x — 0 as j — oo}

————WHrP (U
as the closure of Y w.r.t. X. In that context, we recall that W(f’p = Cx(U) ( ). For the special case

p = 2, we use the common notation for the Hilbert space H*(U) := W*2(U) and HE(U) := WF2(U)
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with scalar product

(f.9)2 = (£, 9) 20 == / f@)g(@)de, (f,g)m = > (D*f,D%g)s.
v a1 <k
Throughout this thesis, the variable T' > 0 denotes a final time horizon. Let (X, || -|/x) denote a separable
Banach space. Then, we introduce the Bochner space and corresponding norm

C([0,T]; X) :={u:[0,T] = X : u is continuous }, |lullc(o1);x) = trr[l(z)i% lu(®)|lx, (1.1)
€10,

with analogous definitions for C*([0,T]; X), k € N. For p € [1, 00|, we define the following Banach space
LP(0,T;X) :={u:[0,7] — X : u measurable and ||u(-)||x € L(0,T)}

with corresponding norms

T 1/q
e = (/ |u<t>|§dt> TR
0

lull Lo (0,7;x) = eSS[SUp [Jw(t)] x-
te

)

Sobolev spaces with values in Banach spaces are defined as
WhP(0,T; X) := {u € LP(0,T; X) : Ou € LP(0,T; X)}, pe[l,oq]
with norms

1/q
lullwrsorx) == (1eldao o + 10 o rn )+ @€ 1ol
”uHWl’w(O,T;X) ‘= max {HU”LOO(O,T;X)a HatU”LOC(O,T;X)}'

For any space X and n € N, we say that f € X" if every component f; of f belongs to X for ¢ =
1,...,n. In that sense, we remark that L (U; R™) = LP(U)™ with analogous definitions for Sobolev spaces.

Additionally, we define the LP-norm of a vector valued function f € LP(2)™ for later conveniences as

m m

1/q
[fllza@ym = 11fllq = (Z ||fi||3> , 1<g<oo,  Iflle@m = Ifllo = Y Ifilloo:
i=1 i=1

Notice that the norms || f]|, and |||f]||, are equivalent on LP(U) but have different values in general.

Throughout this thesis, when we consider the Fokker—Planck problem, we use d € N as the spatial
dimension, and Q C R denotes a convex domain that is polygonal or has sufficiently smooth boundary
0. The time—space cylinder is denoted by Q7 :=]0,T[ xQ. For functions defined on Qr, we write 9; for
the classical, weak or distributional time derivative, and 0., denotes the classical, weak or distributional

derivative w.r.t. x; for i = 1,...,d. Furthermore, we write for v : Qpr — R
=0, Vu=Vuu=(0g,...,0,)u, Du= (00, ..,05,)u.

For m~dimensional vector valued functions u : Q7 — RY, we may interpret for convenience Vu or Du
as md or m(d + 1) dimensional vector, respectively. The divergence of a vector field u = (uy,...,uq)
is denoted by divu := V - u = Z?Zl Oz, u;. Lastly, integrals and the dependencies of functions can be
abbreviated if the dependencies are clear from the context. As an example, for f defined on Qp, we
may write [, f(t,x)dtdv = [, fdtdz or [, f(t,x)dr = [, f(t)dz. In addition, we use the common
notation with dots to emphasize the dependence of functions or operators, for example the notation
f(t) = f(t,-) interprets f : Qr — R as a function defined on 2 for some fixed t €]0,T7.
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1.1 Particles under uncertainty — a derivation of the Fokker—Planck

equation arising from stochastic differential equations

These motions were such as to satisfy me, after frequently repeated
observation, that they arose neither from currents in the fluid, nor

from its gradual evaporation, but belonged to the particle itself.

ROBERT BROWN, 1773 — 1859

Consider a large particle with mass M suspended in a liquid or a gas medium consisting of smaller
particles with lighter mass m <« M. We assume the only force on the large particle is given by an
exterior force field. Our aim is to compute the motion of the large particle through the medium, taking
into account potential collisions with smaller particles that may affect its path and velocity.

In a deterministic setting, where the velocity and position of each small particle are known precisely at
each time, it is possible — at least theoretically in the framework of classical mechanics — to keep track
of each collision and calculate the trajectory of the large particle. However, when we consider the scale
of molecules, up to 102° collisions can occur during one second, depending on the temperature of the
medium, and therefore, a statistical approach is necessary.

Many scientists have investigated this topic for a long time. The first one who discovered and described
this random motion of particles was the botanist Robert Brown in 1827 [17]. The first rigorous formulation
of it via stochastic processes and the concept of Brownian motion was derived in 1900 by Louis Jean—
Baptiste Alphonse Bachelier. About five years later, Albert Einstein [31] and Marian Smoluchowski [65]
studied this problem in the framework of statistical mechanics, which attracted a lot of interest from the
physics community. The list of famous physicists and mathematicians that were involved in the many
scientific breakthroughs is long and for a compelling overview on Brownian motion and its statistical
description, we refer to [32,54].

It is our aim to introduce the mathematical formalism of a motion of such Brownian particles in the
context of stochastic differential equations (SDEs). Furthermore, we investigate its path with a probability
distribution function (PDF) which yields a rigorous derivation of the FP equation. For this purpose, we
introduce some basic definitions and properties of probability theory, SDEs and stochastic processes; for
more details and the proofs we refer to the books [37,52].

Let (Q,F, P) be a complete probability space. With B¢ we denote the Borel o-algebra, that is, the o
algebra generated by the family of all open sets in R?. We say that two random variables X, Y : Q — R?
are independent if for all A, B € B¢

Plwe | X(w)eAandY(w) € B} = P{w e N | X(w) € A}P{w e N|Y(w) € B}.

We recall that any given random variable X : Q — R? induces another probability measure Py, the

distribution of X under P, given by
Px :BY = 0,1], Px(A):=PlwecQ|X(w)e A}

Further, any measurable function f : RY — [0,00] with normed (Lebesgue) integral [, f(z)dz = 1

induces a probability measure, given by
P;:BY = [0,1], Py(A):= / f(x)dx, Aec B
A

In this context, we say that a random variable X : Q — R? induces a (Lebesgue) density function or PDF
f:R? — [0,00] if Px = P;. For any integrable random variable X : @ — R% we denote by E[X] its
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expected value. The next lemma is an important tool to calculate the expected value of a (transformed)

random variable given its PDF.

Lemma 1.1.1. Let X : Q — R? be a random variable that has a PDF f and let ¢ : R? — R be measurable.
Then, it holds that

©(X) is integrable < / lp(2)|f(z) dx < oo.
Rd

In this case we obtain

Ble(X)] = [ o(@)f(@)da.

Notice that the expected value and the variance Var[X] = E[X?] — (E[X])? of a random variable X can
be calculated by its PDF using Lemma 1.1.1:

E[Xk] :/Rdmkf(a:)dx, ke N.

In the following, let {F;}+>0 be a filtration of F that satisfies the usual conditions, that is, {F;}i>0 is a
family of increasing sub—o-algebras of F and F; = ﬂs>t Fs forallt > 0.

On some interval I C R, a stochastic process is a family {X.(¢)}ie; of R%valued random variables.
Usually, we consider I = R, [0, 00[ or [0,T] for some T > 0. For fixed outcome w € 2, we introduce the

sample path of the process
t— X, (t) € R

Similarly, for fixed time ¢ € I, we recall that w — X, (t) € R? is a random variable. Notice that in the
context of stochastic processes, we write the argument w of the random variable w — X, (t) as a lower
index. A stochastic process is sometimes also considered as a function of two variables from I x € to
RY. We say that a stochastic process is continuous if for almost all w € 2, t = X,,(t) is continuous. It is
said to be adapted if for every ¢ € I the random variable X (¢) is F; measurable. A stochastic process is
integrable if for every t € I, X (t) is an integrable random variable and hence X (¢) € L'(Q).

Now, we can rigorously place the famous Brownian motion within the context of stochastic processes,

leading to the definition of a Wiener process.

Definition 1.1.2. Let W = {W.(t)}+c1 be a real-valued, continuous adapted stochastic process. We say

that W is a (standard one—dimensional) Wiener process or a Brownian motion if the following holds:
(i) W(0) = 0 almost surely;
(#) for all 0 < s,t < 00, the increment W (t + s) — W(t) is normally distributed and
EW(t+s)—W(t)] =0, Var[W(t+s)—W(t)]=s;
(i11) for all0 < s <t < o0, 0 <7 <t, the increment W(t + s) — W (t) is independent of W ().

We say W = (Wt,...,W%) is a d-dimensional Wiener Process if each W' is a one-dimensional Wiener

process and W', ..., W< are independent.

With the notion of a Wiener process, we can introduce the It integral of a stochastic process X
b
/ X (s)dW(s),
a
defined on the space of all real-valued continuous adapted processes X such that

E /b|X(t)|2dt] < .
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We refer to [52, Chapter 1] for an introduction to Itd integrals. Next, we introduce the notation of

stochastic differentials for so—called It6 processes.

Definition 1.1.3. Let X be a continuous adapted stochastic process and let I = [0,T]. Then X is said to
be a d-dimensional It6 process on the interval I if there exists b € L*(I)% and g € L*>(1)?*? such that for
everyt € 1

X(t) = X(0)+ /Ot b(s)ds + /Otg(s) dW (s).
In this case, we introduce the equivalent notation using stochastic differentials
dX(t) =0b(t)dt +g(t)dW(t), tel.
We have the following fundamental relation between derivative and integral.

Lemma 1.1.4. (Itd’s formula)
Let X be a d—dimensional Ité process, V. € CY2(I x R?), b € L*(I)? and g € L*(I1)¥*? with stochastic
differential

dX (t) =b(t) dt + g(t) AW (2).
Then {V (t, X (t)) }ter is also a d—dimensional Ité process with stochastic differential
dV(t, X (t)) :(6tV(t, X (1)) + VV(t, X(t))b(t) + %trace (9 TV2EV(t, X(1)g(t)) ) dt
+ VV (2, X(1))g(t) dW (1),

or equivalently, for all 0 <ty <t <T,
t
V(X () = Vit X(t0) + [ (0 (5,X(5)) + TV (5. X(5)T0(5)) ds

+ [ VV(s,X(s)) g(s)dW(s) + %/ trace (g(s) ' V2V (s, X (s))g(s)) ds,

to to

where V =V, = (0yy,...,0,) denotes the gradient w.r.t. the second argument of V.

With the definition of It6 integrals and It6 processes, we are ready to study stochastic differential equa-
tions.

Definition 1.1.5. Let b : I x R — R¢, g:1IXx R¢ — R*? pe Borel-measurable. Let to € I and zo be an
integrable random variable with E[|zo|?] < co. We call the stochastic process X = {X.(t)}+er a solution
to the SDE

dX(t) =b(t, X(t))dt +g(t, X(£)) dW(t), X(to)= = (1.2)
if the following holds:
i) X is continuous and adapted,
i) t s b(t, X (t)) € LY(I)? and t — g(t, X (t)) € L*>(I)¥*4,

iii) for allt € I it holds that

X(t) =z + / b(s, X (s))ds + / g(s, X (s))dW (s) P-almost surely.

to to
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With the use of semicolons, we can include the dependencies of the initial value (¢g, z¢) to the notation
of a solution ¢t — X(t) = X(t;tp,x0). Analogously to ordinary differential equations, the mapping
X :[0,T] x [0,T] x Q — L*(Q)? is referred to as flow of (1.2).
It is our aim to show that given a solution X to the SDE (1.2), its Lebesgue density function solves a
partial differential equation. More precisely, for every ¢ € I, we know that X (t) is a random variable
and therefore yields a (time-dependent) PDF f(¢,-) : RY — [0,00]. Hence, we will show that this
PDF, considered as a function on [0, 7] X R?, is a solution of the Fokker-Planck equation under suitable
regularity assumptions.
For this purpose, we need to establish the principle of stochastic characteristics, that is, we show that
solutions to a related adjoint problem are constant along solutions of (1.2). We fix the time interval to
I =1[0,T] and consider the elliptic operator

d d

1
LY = sz(t,x)(')wL + 5 Z aij(t,x)(')iﬂj. (13)

i=1 i,j=1
We impose the following regularity conditions:
(S1) The functions a;j, b; are bounded on [0, 7] x R? and uniformly Lipschitz continuous in (¢, ) on any

compact subset of [0, 7] x R?. The functions a;; are Holder continuous in z, uniformly with respect
to (t,z) on [0, 7] x R%.

(S2) The functions a;; are elliptic in the sense that there exists § > 0 such that
d
Z 52 aij(tvx) é-j > 9|§‘2a (t,(E) € [07T} X Rd7 6 € Rd'
i,j=1
Furthermore, a;; = aj; and we define g : [0,T] x R — R*? as its square root, that is, a;;(t,z) is
the ij-th entry of the matrix product g(¢,z)" g(t, z).

(S3) The function ¢, introduced below, is continuous on R¢ and satisfies the following growth condition:
there exists a, C' > 0 such that

|6(2)] < C(L+|a|*), zeR™
Lemma 1.1.6. Let ¢ € CY2(I x R?) be a solution of the Kolmogorov backward equation
g =L*q on[0,T] x RY, qT)=¢ onR% (1.4)
Let X be the flow of the corresponding SDE, that is, for (t,z) € [0, T[xR%, the map s — X(s;t,x) solves
dX (s;t,x) =b(s, X (s;t,x))ds+ g(s, X (s;t,z))dW (s), se€lt,T], (1.5)
X(tt,x) = x. (1.6)
Then for (t,x) € [0,T] x R it holds that
o(t,) = E[o(X(T;1,2))].

Proof. Let (t,x) € [0, T[xR? be arbitrary but fix and let us write X(s) = X(s;t,z). By an application
of Itd’s formula (with V' = ¢), we obtain for s € ]¢, T
d

a(s, X (s)) = a(t, X (1)) + / (97, X () + Y0l X (7)) dr
s s d
+ [ Ve X@ V@) +5 [ 3 alra)ed o X () dr

Coig=1
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Since ¢ solves (1.4) and X (t) = X (¢;¢,x) = x, this equation can be simplified to

(s, X(5) = a(t.0) + [ " g(r)Va(r. X () dW (7).

Next, we use the fact that the expected value of any Itd integral is zero. Thus, for s = T with ¢(T') = ¢
on R?, we obtain

Elq(s, X (s;t,2))] = q(t,z), s€lt,T). (1.7)
The choice s = T and the fact that ¢(T") = ¢ on R? concludes the proof. O

Remark: Notice that (1.7) implies that ¢ is constant along stochastic characteristics in the following sense

diixa[q(s,)((s;t,gc))] —0, (tz)e[0,T] x R%

Furthermore, assuming that we can interchange dis and E[], we can rewrite d;,q = L*q to
o (E[o(X(T3t,2))]) =E[L'6(X(Tit,2)], (t.a) € [0,T] x R,

Due to the property

E[p(X (s:1,2))] = ola) + / B[ o(X(rit,a)]dr, g e CARY, (18)

which makes the connection between L* and X clear in a different way, L* is said to be the infinitesimal
generator of the stochastic process X. Equation (1.8), in a far more general setting, is also known as
Dynkin’s formula. In this context, the Fokker—Planck equation, also called Kolmogorov forward equation,
is given as the L2-adjoint. Hence, the elliptic operator from the forward equation L is given as the unique

operator that satisfies

/so(ff)(Lf)(x)dw:/ (L p)(x) f(x) dx (1.9)
Rd

Rd
for all test functions f, ¢ € C?(R%). From (1.3) we consequently obtain
1 J
i,j=1 i=1
Finally, we can state the main theorem of this section.

Theorem 1.1.7. Let xq be a random variable with PDF fo € C?(R%). Let X be the solution of the
corresponding SDE, that is, I 3t — X(t) solves

dX(t) = b(t, X (t)) dt + g(t, X (t)) dW (t), X (0) = 0. (1.11)

Furthermore, let X have a PDF f € C*2(I x RY).
Then, f is the solution of the Fokker—Planck problem

of =Lf onlxRY f(0)=fo onR% (1.12)

Proof. Let ¢ € C°(R?) be an arbitrary test function. First, we consider the Kolmogorov backward

problem. Since L* is the infinitesimal generator of X, we obtain

Elp(X ()] = Elp(x0)] + / E[L"p(X(s))] ds
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On the other hand, since f is the PDF of X, by Lemma 1.1.1 it holds that

BelX®)] = [ e@)fta)de, Elpo)] = [ o(e)fola)da,

‘ R
/otE[L*@(X(S))] ds = /Ot /Rd L*o(x) f(s,x)dxds.

We combine both results and since L* and L are adjoint to one—another, we conclude that

[ (@it - sn@) = [ [ Loy s

_ /Ot /R o(@)Lf (s, z) dx ds.

By the continuity of Lf and f, and since ¢ was arbitrary, it follows that for all (t,x) € I x R?

o0 = o)+ [ (L)) s
Lastly, taking 9; on both sides and using the fundamental theorem of calculus, we have proven that
Ouf(t,x) = Lf(t,x), (t,x) €I xR™L
O

We close this section by a verification of Theorem 1.1.7 for the trivial case where the SDE is just a

Brownian motion with no force term:

Example 1.1.8. On R? we want to derive the PDF of a Brownian motion of a large particle through
suspended medium with Theorem 1.1.7. For that purpose, we consider the following SDE

dX(t) =dW(t), te[0,T]),  X(0) = .

1t has the unique solution X (t) = W (t)+xg. In this example, we assume that the particle is with certainty
at the origin at t = 0, and hence, the PDF of the random variable xq is a delta distribution dy at zero. A

ccording to Theorem 1.1.7, the corresponding PDE is the heat equation, delta distributed at t =0
1
0f = 5Af=0 on ]0,T] x R? £(0) = d.

It is well known that for t > 0, x € R?, it holds that

f(t,x) = €L exp <_|z|2>

2rt 2t

is a classical solution, and f(t,) — &g in the distributional sense as t — 0. On the other hand, f is
a Gaussian normal distribution with mean 0 and variance t. According to Definition 1.1.2, the Wiener
process, and hence X (t) for t > 0, is also normal distributed with the same mean and variance. Due to
uniqueness, the PDF of X(-) and the function f have to coincide. This concludes the example.

In this sense, one may say that a Brownian motion can be modelled with the heat equation, and we have
successfully verified Theorem 1.1.7.

We remark that we have not investigated the case of boundary conditions, that is, having constraints
on the motion of the particle ¢ — X(¢). A typical example is that the particle cannot leave a certain
bounded domain Q C R?, and therefore, P(X(t) ¢ ) = 0, i.e., the probability of finding this particle
outside the domain is zero. For this purpose, one has to introduce 7 := inf{¢ > 0| X(7) ¢ 2} which is the
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so—called stopping time or first exit time from €2 for the stochastic process X. This stopping time has to
be included into the definition of the adjoint problem from Lemma 1.1.6 and the flow of the corresponding
SDE. We omit the details due to the fact that the computation become very lengthy, and we refer the
reader to [50, Section 3]. The inclusion of a stopping time yields now Neumann boundary conditions for
the backward problem (1.4)

Vq(t,z)-n(x) =0 on [0,T] x 09,

and so—called reflecting boundary conditions for the Kolmogorov forward problem (1.12)
d
D (@ (a8 2) p(t, ) = (b(t,2) p(t, )7z (x)) =0 on [0,T] x OQ,
i,j=1
where 7 denotes the outward pointing unit normal at each point on the boundary 9f).

1.2 The formulation of objective functionals for particles and their prob-

ability distribution functions

I can calculate the motion of heavenly bodies but not the madness
of people.

Isaac NEWTON, 1642 — 1727

In traditional optimal control problems, the goal is to find a control policy that minimizes a certain
cost function for a given deterministic system. However, in many real-world scenarios, uncertainties
play a significant role, and stochastic optimal control addresses this by considering systems with random
variables. To illustrate this, let us once again consider a large particle in a suspended medium of smaller
particles, introduced in Section 1.1. Now, we assume that the large particle is driven by a controlled force

field with the aim to follow a certain path and to reach a terminal position at time T'. The force field
blu](t,x) = F(t, x) + u(t, x)

now includes a control function v = wu(t, ), that depends on the time ¢ and position x and is an element
of a suitable set of admissible controls U,q. The function F' denotes a given, exterior force field. Notice
that in this control problem, the evolution ¢ — X(t) is a stochastic process and thus putting X (¢) into
an objective functional J results in a random variable. For this reason, in the framework of stochastic

optimal control, the following averaged objective is analyzed

J(X,u):=E [ T’R(t,X(t),u(t)) dt + T(X(T)) (1.13)

for suitable functions R and 7. Let us investigate, how the stochastic optimal control problem

urg{ijn J(X,u) X subject to (1.14)
AX (1) = bul (t, X (1) dt + g(t, X (1)) AW (1), X(to) = a0 (1.15)

can be reformulated in a deterministic framework.

In the previous section, we have built the bridge from investigating stochastic processes X to investigating
its distribution function f. More precisely, we have shown that the stochastic processes X, given by the
SDE

X(t):zo+/ b(s,X(s))ds+/ g(s, X(s))dW(s), te][0,T],

to to
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can be described in a (mathematical) deterministic setting, that is, find its PDF f, given by the following

parabolic PDE initial value problem
O f=Lf onlIxRY f(0)=fo onR<
Furthermore, due to the averaged formulation of the cost functional J, we obtain, after exchanging the

integral j;)T and the expected value by Fubini and applying Lemma 1.1.1, the following

T
J(X,u) = E /O R(t, X (1), u(t)) dt + T(X(T))

T
= /0 9 R(t, z,u(t))f(t,x) dedt + T(x)f(z,T)dx.

Rd
This yields a deterministic formulation of the objective, where J is now considered to be a function of f

instead of the stochastic process X

T
s = [ [ Raaw@sa) i [ T

Rd
In conclusion, we have proven that under suitable integrability and regularity assumptions on the PDF f
and R, T, the stochastic optimal control problem (1.14) is equivalent to the PDE optimal control problem

Iélli]n J(f,u) f subject to (1.16)
of =Lf onlIxRY f(0)=fo onR% (1.17)

We remark that L = L[u], given in (1.10), depends on w. Furthermore, assuming the total force field b
takes the form b(t,z) = F(t,x) + u(t, z) for given F, we find that

d
Ll = 5 37 8., (as ) — div (F f) — div (u f)

,j=1

belongs to the class of so—called bilinear problems in (f,u) due to the last term.
Before we conclude this section, we remark that in many cases, an optimal control problem (1.16)—(1.17)

can be written as a minimization problem of the form

min J(u). (1.18)

w€U,q

In that case, the PDE constraint (1.17) is built into the definition of the functional .J. Assuming the
existence of a well-defined control-to—state map v — G(u) = f, that maps a control u to the (unique)

solution f of (1.17), we may introduce the so—called reduced cost functional
J(u) = J(G(u),u), u € Uyq.

From a theoretical point of view, it is more suitable to study problems of this form rather than constrained
minimization problems of the form (1.16)—(1.17). With this in mind, we focus solely on minimization

problems of the form (1.18) in the next section.

1.3 Optimization in finite— and infinite-dimensional Banach spaces and

the importance of first— and second—order analysis

First— and second—order optimality conditions are important tools for solving minimization problems. In

this section, we recall the basic definitions and concepts for addressing infinite-dimensional optimization
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problems. Furthermore, we present a recent result from Troltzsch and Casas [21] concerning sufficient
second-order optimality conditions, which will be crucial for the analysis of the bilinear optimal control
problems under consideration. Before delving deep into this theory, we motivate first— and second-order
analysis of optimization problems. Additionally, we highlight, with two examples, the pitfalls that can
arise in the transition from finite-dimensional optimization problems to infinite-dimensional ones.

Let us for the moment consider a finite-dimensional minimization problem, that is, we want to find local
minima of a smooth function f :R"™ — R. It is well-known that a necessary condition for local minima
z of fis Vf(Z) = 0. In other words, it is the aim of a first-order analysis to characterize the set of
critical points {z € R™ | Vf(z) = 0}, in which we can find all local minima of f. However, if the
minimization problem is non—convex, not all critical points are necessarily local minima and therefore,
we have to invoke second—order conditions to find the local minima among the set of critical points. In
the finite-dimensional framework, the positive definiteness of the Hessian V2 f at a critical point Z, that
is, y' V2f(z)y > 0 for all y € R™\{0}, is a sufficient optimality condition. Moreover, this condition
is equivalent to the positivity of the smallest eigenvalue A of the corresponding symmetric matrix, i.e.,
y V2f(z)y > Ay|? for all y € R™.

Now let us consider the infinite-dimensional case J : U — R, where U is a Banach space and J is
differentiable. Typical examples of U that we consider throughout this thesis are the Lebesgue spaces
L? and L™ and the Sobolev space H! on a bounded domain. At first, one needs to clarify the concept
of differentiation of J on a Banach space U, which leads us to the notion of Fréchet derivatives, given
below. Next, it turns out that the necessary first—order optimality conditions for the finite— and infinite—
dimensional case are remarkably similar, that is, once again all local minima @ € U of J are found in the
set of critical points {u € U | J'(u) = 0}. When it comes to second—-order conditions, however, there are
significant discrepancies, which are discussed next.

First, the positive definiteness J”(@)(v,v) > 0 is in general not equivalent to the coercivity J" (@) (v, v) >
Alv||? for some constant A > 0. It is well-known that on the one hand, coercivity at a critical point % —
in the correct setting — implies that @ is a unique local minimum of J; the proof is essentially the same
as in the finite-dimensional case. On the other hand, positive definiteness is generally not a sufficient

condition for optimality, as demonstrated in the following example.

Example 1.3.1. Let U = L>°(0,1) and

J(u) = /O w(t)? (¢ — u(t)) dt. (1.19)

The zero—function w(t) = 0 for t €]0,1] is a critical point of J and fulfills the positive definiteness since
for all v € L*°(0,1)\{0},

J (@) = /0 a(t) (2t — 3u(t)) v(t) dt = 0,

1 1
"(@)(v,v) = — bu v(t)?dt = v(t)? .
J"(@) (v, v) /O(Qt 6a(t)) v(t)? dt /02t (#)2dt >0

Therefore, if the second—order theory from the finite—dimensional setting was correct, one could conclude
that @ is a local minimizer of J in the L>°(0, 1)—norm. However, this is not true, and in order to disprove

the claim, let us consider the following sequence for n € N

wnt) = 2t forte]0,1/n],

0 else.
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Consequently, J(u,) = —1/n* < 0= J(a) and ||u, — @l =(0,1) = 2/n. Hence, @ is not a local minimum
of J w.r.t. the L>-norm. Notice that J" (@) is also not coercive w.r.t. the L>°—norm, since there exists
no constant A > 0 such that

1
/ 2t v(t)? dt > A||vH2Loo(0,1), for all v € L*=(0,1).
0

The next example from [64] introduces the so called two—norm discrepancy. The example makes use of the
fact that two norms on an infinite-dimensional Banach space are in general not equivalent. Consequently,
if we speak about differentiability and coercivity of J or local uniqueness of minimizers, we need to be
precise and consistent which norm we use. Obviously, this situation cannot arise in finite—-dimensional

problems since all norms are equivalent, however, it is well-known to appear in optimal control problems.

Example 1.3.2. Define for u € L?(0,1) the functional

J(u) == —/0 cos (u(t)) dt (1.20)

and notice that the zero—function u(t) := 0 is a global minimizer. Furthermore, @ satisfies J'(a)v = 0

and is coercive w.r.t. the L2—norm
1
J"(w)(v,v) = / cos(0)v(t)? dt = [|v]| 72 (g 1y- (1.21)
0

However, 1 is not a locally unique minimum in the L?-norm, that is, there are infinitely many different
global minimizers of J in any L?-neighborhood of . This can be seen by defining for 0 < € < 1 the

function

0 fortel0,el

ue(t) ==
2 fort € [e, 1],

and observing that ||ue — | p20,1) = 27V/E.

So, despite having coercivity around the local minimum, it is not isolated nor strict. Let us analyze
what went wrong. Even though we have used the same norm, L?(0,1), for the formulation of coercivity
and uniqueness, strict local optimality is not obtained in this example. The problem is hidden in the
differentiability property of J, more precisely, J is not twice continuously Fréchet differentiable in the
space L?(0,1), cf. [64]. Consequently, we cannot make a statement about coercivity in the L?-norm.
However, we can easily verify with the following definition that J is differentiable in the space L*(0,T),
and J” (@) from (1.21) is the correct L*°—derivative:

Definition 1.3.3. Let (X, ||-||x) and (Y, || ||y) be two normed spaces, let M C X, x € M and F : M — Y.
The function F'(z) : X =Y is said to be the Fréchet derivative of F at x if F'(z) is a linear and bounded
operator from X toY, i.e. F'(z) € Lin(X,Y), and

[F(z+h) = F(x) = F'(z)h]ly
172l x
If this holds for every x € M such F is called Fréchet differentiable on M from (X, || || x) to (Y, ]| |ly) or
is said to be of class C' if the spaces and norms are clear from the context. Furthermore, such F is called
twice Fréchet differentiable on M from (X, | - ||x) to (Y, |- |ly) or of class C? if F' : M — Lin(X,Y) is
of class C* on M. We write F"(x)(a,b) = F"(z)(a)(b) and notice that F" : M — Lin(X;Lin(X,Y)),
that is, F"(x) € Bilin(X, X) is a continuous bilinear mapping for any x € M.

— 0, as|hllx — 0.
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Let us remark that Fréchet differentiability may depend on the specific norms used for the spaces X and
Y. Let || |lx.. || - x, and |
subscript “s” denote the stronger norm and let “w” denote the weaker norm, that is, there exists some
C > 0 such that forallz € X,y € Y

v., || - lly,, denote two different norms on X and Y, respectively. Let the

2]l x, < Cllzllx, and ||y]

w —

v, < Clyl

Y-

Then, it is immediately apparent from the definition that Fréchet differentiability of F' from (X, || - | x.,)
to (Y, || - |ly,) implies the Fréchet differentiability from (X, | - ||x.) to (Y, - ||y, ), however, the converse
is in general wrong. This is what happens in Example 1.3.2; notice that X,, = L%(0,1) is a weaker norm
than X, = L>(0,1). Therefore, even though J : L?(0,1) — R is well-defined, twice Fréchet differentiable
from L>(0,1) to R and the formula for J”(u) makes sense for L?(0,1) functions, J is not twice Fréchet
differentiable on L?(0,1). Therefore, J cannot be coercive w.r.t. the L?-norm, and we cannot apply the
classical theory on second—order conditions.

Can we fix this issue by switching everywhere from the L2 norm to the L*-norm? Unfortunately
not since J”(u) is not coercive w.r.t. the L>°—norm. This phenomenon often arises in optimal control
problems, where the reduced cost functional is twice Fréchet differentiable only in a stronger norm, e.g.,
L but coercivity holds only for a weaker norm, such as L2.

This motivates the following essential theorem from [21] that allows to consider an optimization problem
with two different norms.

Let (Us, || - ||2) be a Hilbert space and (Ueo,| - ||co) be a Banach space with continuous embedding
Us C Us. Let () £ Uyq C Uy be convex and let A C Uy, be an open set covering U,q. The objective
reads J : A — R, and we consider the minimization problem

min J(u). (1.22)

UEUad
For e > 0, j € {2,00} and w € Uj;, we recall the following notation for the open ball around w
Be(w;Uj) ={u e Uj | [w—ul; <e}.

Definition 1.3.4. We say that @ is a local solution of (1.22) or a local minimizer of J in Uy, if there
exists some € > 0 such that J(a) < J(u) holds for all u € Uyq N Be(1; Uso). If J(@) < J(u) holds for this

set with u # u, we say that w is a strict minimizer in Uy, and locally unique in Uy .

Notice that since U, is a weaker norm, every local minimizer in Us is also a local minimizer in Uy.
The next theorem gives a necessary first—order condition; the proof is essentially the same as in the

finite—dimensional case.

Theorem 1.3.5. Let @ be a local solution of (1.22) and let J be Fréchet differentiable in @, both in the

sense of Uso. Then,
J'()(u—1u) >0, u€Uyg.

Next, we specify the conditions on the minimization problem (1.22) that involves a second-order analysis.
Let us fix u € Uyg.

(C1) J: A — Ris of class C? from (A4, ||-||) to R and for every u € U,q there exists continuous extensions

J'(u) € Lin (Uy), J"(u) € Bilin (Uy x Us) . (C1)
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(C2) There exists A > 0 such that for all sequences (up)nen C Uaq and (vp)neny C Uz with uw, — @
strongly in Us and v,, — v weakly in Us:

J'(@)v = lim J' (up)v,, (C2.1)
n—oo

J" () (v,v) < lim inf J" (un) (Vn, vn), (C2.2)

and if v = 0, then Aliminf ||v,[|3 < liminf J” (u,)(vn, vp). (C2.3)

In addition to these conditions, we require the following standard first— and second—order assumptions

on u

J'(u)(u—1u) >0, u€ U, (A1)
J"(a)(v,v) >0, wveCz\{0}. (A2)

with the sets

Sa:={AMu—1a) : A>0and u € Uyq}, (cone of feasible directions)

Co=5.""n {ve U, : J'(u)v =0}, (critical cone).

Due to Theorem 1.3.5, assumption (A1) is called first—order necessary condition (FONC), and functions
u satisfying (A1) are critical points of J.

Although proving these properties of J turns out to be very challenging, it is certainly rewarding in terms
of the statements about quadratic growth conditions, local uniqueness and coercivity of minimizers.

Theorem 1.3.6. Let @ € Uyq and J satisfy (Al)-(A2) and (C1)—(C2.3), respectively. Then there exists
€,0,v,7 > 0 such that the following holds.

a) For all u € Uyq N Be(u; Us), it holds that
L, 0 2
J(@) + S llu —allz < J(w).

b) For all critical points u* with u* € Uaq N B (1; Uz), it holds that

u=u".

¢) For all uw € Uyg N B:(4;Uz) and all v € EY, it holds that

v
T (w)(v,v) = S |vl3,

where BT == {v € S5 * + |J'(@)v] < 7lfv||2}.

The proofs can be found in [21]. Before we conclude this section, let us discuss the meaning and ap-
plication of each statement. Part a) is called the quadratic growth condition and implies that @ is a
strict local minimizer. Hence, in this setting, (A2) may be referred to as sufficient second—order condition
(SSC). Furthermore, this estimate can be used as a starting point in order to derive accuracy or stability
estimates. We remark that the numerical verification of the SSC condition is generally challenging, and
we refer to [58] for the case of a semilinear elliptic optimal control problem. Assertion b) states that the
local minima @ is isolated, that is, there are no other critical points u* — with possibly different value
J(u*) — close to it. This statement is of high relevance in the numerical calculation of local minima 4,
since in standard methods the zeros of J’ are searched for, close to the presumed minimum. Thus, if there
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are infinitely many critical points close to u, there is no chance for this procedure to be successful. There
cannot be any guarantee that the critical point one computes is the desired local minima u, no matter
how close to % one starts. Lastly, part ¢) is called a local coercivity condition on J on the extended cone

ET; notice that Cz = E2 C EZ. Coercivity is essential for the numerical analysis. In view of a Taylor

u?

expansion of J around i, we may say that coercivity implies local convexity of J.

1.4 Auxiliary results

Throughout this thesis, a few arguments or techniques will appear more frequently. Therefore, we have

collected important assertions in the following Lemma.

Lemma 1.4.1. (An Application of Egorov’s theorem,)

Let M C R? be open and bounded. Let (f)ren C L>(M) be non-negative a.e. on M with fr, — f in
LY (M) and || fl|Lo ) < C for all k € N. Furthermore, let (v)ren C L*(M) with vy, — v in L*(M).
Then, it holds that

/ lv(z) |2 f(x) dx < liminf/ o (2)|2 fr(z) da.
M k—oo  Jar
Proof. A proof can be found in [21, Lemma 3.5]. O

Lemma 1.4.2. (Mazur’s lemma)

Let 1 < q < oo, let M C R? be open and measurable, let (g;)jen C LY(M) with g; — G in LY(M). Then,
there exists a conver combination G; of the functions g1, ..., g; such that the sequence (G;);jen converges
strongly to G in LY(M).

Proof. We refer the reader to [49, Theorem 2.13] for a proof. O

We recall that some f is a convex combination of gi,...,g; if there exists A’ € [0,1], i = 1,...,7, such
that Zg=1 /\1 =1 and f = 23:1 )\Zgl

Lemma 1.4.3. (Eztraction of a subsequence)

Let (X, - |lx) be a normed space and (zx)ren C X. Then, (i) and (ii) are equivalent:

(i) There exists x € X such that

T — x in X as k — oo.

(ii) There exists x € X such that every subsequence (xk(n))neN of (zr)ren has a convergent sub—

subsequence (ajk(”(j)))jeN such that

Tpn(g) — T mX asj—oo.

We remark that in (i¢), the limit 2 may not depend on the selection of subsequence k(n).

Proof. The implication from (i) to (¢%) is trivial. Now assume that the implication from (i¢) to (¢) is not
true. Hence, we find € > 0 and a selection of subsequences n + k(n) such that |z — 2y, > € for all
n € N. Consequently, this subsequence (2 (n))nen has no converging sub-subsequence to x, however, this
is a contradiction to (i7). O

The following special case of Gronwall’s inequality appears multiple times throughout this thesis.



1.4 Auxiliary results 29

Lemma 1.4.4. (Gronwall’s inequality)
Let > 0 and 0 < wu, B8 € C([0,T)) with

u(t) < a + /O B(s)yuls)ds, te0,T].

Then, u satisfies the explicit inequality

u(t) < aexp (/Ot B(s) ds>), t€[0,T].

Proof. Let x € C1(|0,T]) be the unique solution to the linear initial value problem a’(t) = 3(t)z(t) with
x(0) = a.. Hence, on the one hand, z(t) = a + fg B(s)x(s) ds, which implies u(t) < z(t) for all ¢ € [0,T].

On the other hand, x is given by z(t) = awexp (f(f B(s) ds). This proves the claim. O

Lemma 1.4.5. (Higher regularity of elliptic problems)
Let M C R? be a bounded domain. Let M have C?-boundary or let M be polygonal and convex. Let
2<g<oo, fe€LIM) and let u € H}(M) be a weak solution to the elliptic problem

—Au=f in M, u=0 indM.
Then, uw € W24(M) and there exists C = C(£2,q) such that
llullwzaary < CllfllLacany-
We remark that an analogous estimate holds if 2 C R is an open interval.

Proof. A proof is given in [38, Chapter 4] for the polygonal case, and in [34, Chapter 6] for the case of
smooth OM. O

Notice that regularity results for the Poisson problem —Awu = f cover the regularity of all elliptic problems
—Au+ R(u) = f, where R(u) contains all lower order derivatives of u. To see this, simply apply Lemma
1.4.5 with r.hs f — R(u) € L3(M).

For the following lemma, let —0o < a < 0 < b < oo and let Q2 C R? be a non-empty bounded domain.
Let us introduce the set of constrained test functions

LY :={uecL®Q)|a<u(x)<b fae zcQ}

Lemma 1.4.6. (Variational inequalities with constraints)
Let f € L*(Q) and u € LY with

(f,v —u)p2q) >0 forallve L.
Then, for any measurable set M C €1, it holds that
f(z) >0 fae zeM = u(x)=a fae x€M,

fl)<0 fae zeM = u(z)=b fae x€M,
a<u(z)<b fae zeM = f(r)=0 fae zeM.

Proof. Let us start with the first implication. We may assume that, after changing f on a set of measure
zero, M C 2 is either the empty set or has positive volume, and f is positive everywhere on M. Next,
define for a pointwise defined representant of u

a if x € M,

o) = u(z) ifze Q\M. (23
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By construction, we have that v € L? is a valid test function, and hence

0 < (f,v—w)r2mry + (f,v —u) L2\ )

The last term is zero, since v = u on Q\M. Furthermore, notice that f >0on M andv—u=a—u <0
on M. Now we show that u = a on M almost everywhere. Assume that this is not true, i.e., there exists
a subset M’ of M with vol(M’) > 0 on which u # a. Therefore, v — u < 0 on M’. This, however, is an

immediate contradiction to
0 < (f,v—u)r2m)

and we have proven that v = a on M.
The second implication can be shown analogously, where obviously a is replaced by b in the definition of

v, and the third implication follows from the first and the second one. O
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The Fokker—Planck equation

Insight must precede application.

MaxX PLANCK, 1858 — 1947

Let us consider a drift-diffusion model given by the following SDE
dX(t) = Blu](t, X (t))dt + o(t, X (t)) dW(t), X(0) =10 (2.1)

for t € [0,T]. The function B[u] : [0,T] x © — R? denotes the drift including a control mechanism u,
and o : [0,7] x © — R4 represents a diffusion matrix. In Section 1.1, we have shown that the PDF
p:[0,T] x Q@ — R of this stochastic process X is given by the FP equation. Since 2 is a bounded domain,
we can additionally impose flux—zero boundary condition. Therefore, the FP problem under investigation

reads
d
o= 03, (aip) - div (Blu] p) on Qr, (2.2)
Q=1
p(0) = po on (, (2.3)
F-n=0 on [0,7] x 99, (2.4)

with diffusion @ = 3o "o and probability density flux F' = F|[p], where for (t,z) € Q7 :=]0,T[x
d
F[p]j(t7 :17) = Z aﬁvz (aij (ta x) p(ta :ZZ)) - (B[u]] (t7 LIT) p(tv :TJ)), ] = ]-7 ceey d.

i=1

We remark that (2.2) can be rewritten in flux form as follows
Oyp(t,z) = div Flp|(t,z), (t,x) €[0,T] x Q. (2.5)

We introduce the following assumptions:
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(F1) The drift Blu] is of the form
Blul(t,x) = M (t,z)u(t,z) + c(t,z), (t,x) € Qr
where ¢ € L*°(Q7)?, M € L*°(Q7)™™ and u € L (Qr)™.

(F2) The coefficients a;; of a, given by the diffusion matrix a = 30 "o, enjoy the regularity W*>°(Qr).

Furthermore, (a;;) is elliptic in the sense that there exists # > 0 such that

d
D Gay(t,a) & > 01EP°,  (t2) € O, E €RY

i,j=1
(F3) The initial distribution py is the PDF of ¢ with regularity pyp € L ().
Moreover, if higher regularity of solutions to the FP problem is investigated, we may assume the following:
(F4) The initial state enjoys the higher regularity po € H3(Q).
(F5) M € L*(0,T; WH>°(Q))?™ and for every function u from the set of admissible controls, it holds

(M(t,z)u(t,z)) -n(x) =0, fae z€dQ, fae tel0,T]

(F6) It either holds that
(1) c€ L0, T; Wh*(Q))? and f.a.e. t € [0,T] it holds that c(t,-) - i = 0 a.e. on 9; or

(ii) ¢ has a potential —V € C([0,T]; W2°°(£2)) such that ¢ = VV a.e. on Qr .

(F7) The diffusion matrix (a;;) is up to a positive constant — denoted with the same variable a > 0 — the

identity matrix.

We impose that throughout this chapter, the assumptions (F1)—(F3) hold. For certain statements, we
will additionally assume (F4)—(F7) but this will always be mentioned.
Throughout this thesis, we use Crg > 0 as a generic constant that depends on given quantities in (F1)—(F3),

i.e., Cp depends continuously on the real valued numbers

HCiHLOO(QT)?||Mij||L°°(QT)7||aij||W1=°°(QT)7 HpOHOOvevT’ hj=1,...,d (2'6)

and on certain embedding constants, depending only on §2 and its dimension d. Furthermore, the generic
constant Cp, > 0 depends additionally on the quantities of (F4)—(F7), that is

||VHL<>CW2,OO or ||Ci||LooW1,oo and HMinLQch,oo’ ||p0||H2(Q),, i,j = 1, e ,d,

and C, > 0 denotes a generic constant that depends continuously only on ||ul|z~(q,) in the case of
time—space dependent controls, or on ||ul| Le(0,) in the case of only time-dependent controls. Lastly, let

us recall the abbreviations for norms of Lebesgue spaces for and Sobolev spaces
[-llg:=1"lzeary, q€li00, MMl = |- [lar ),

where it will be clear from the context what M € {2, ]0,T[,Qr} is.
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2.1 Existence and uniqueness of weak solutions

We start this section by deriving a weak formulation of the FP problem (2.2)—(2.5). Then, we show
existence of weak solutions in the space

W(0,T) := H'(0,T; H*(Q)") N L*(0,T; H'(Q)),

and prove that weak solutions satisfy the typical properties of PDFs.
We begin with the derivation of a weak formulation. Let ¢ € H!(Q) be a test function and consider some
smooth p that satisfies (2.4)—(2.5). An application of Green’s formula yields

d
/Qatpz/}dx:—/wz 8zj(aijp)8zi1/1dx+/gp3[u]-Vz/de

i,j=1

d
+/m D O, (ai; )y s dS(x) _/anB[“] R dS(z)

i,j=1
d
- _/ Z 0z, (aijp)0z;yp — p Blu] - V¢ | dx
Q \ij=1

=— [ Flpl- V¢ dz,
Q

a.e.on [0,7T]. Consequently, we obtain the following bilinear flux—operator

Fi: HY(Q) x HY(Q) - R fae. t€]0,T],

d
Fi(p,¥) = /Q > O, (ai;(t, 2)p(x)) Oa,0(x) — p(z) Blul(t, ) - Vip() | da. (2.7)
ij=1
It turns out to be convenient to rewrite F as follows
d
Flp,b) = /Q S ij0u,p Ot —pb- V¥ | v, py € H(Q), (2.8)
ij=1
d
with  b;(t,2) := Blul;(t, ) = Y _ 0a,a55(t,7), (t,2) € Qp,i=1,...,d. (2.9)
j=1

The well-definedness of F is shown in Lemma 2.1.2 below. Hence, given the initial distribution py on €,

we have the following weak solution concept for (2.2)—(2.4).
Definition 2.1.1. We call p € W(0,T) a weak solution to the FP problem with fluz—zero boundary con-
ditions and initial state po if there exists some null set N C [0,T] such that for all ¢p € HY(Q) and all
te[0,T]\N:
Bt), V) oy + Fe(p(t),v) =0, p(0) =po a.e. on Q. (2.10)

We recall that H*(Q)’ denotes the dual space of H'(Q) with pivot space L?(f2),

HYQ) :=={f: HY(Q) = R : {f,Yu = (f, )i (qy = f(°) is linear and continuous} (2.11)

and if f € L*(Q), then (f,-)m = (f,")r2(0)-

In the following, for similar definitions or in similar settings, we will sometimes just write “f.a.e. t € [0, T]”
instead of “for all ¢ € [0, T]\N” with the meaning that the set of measure zero in [0, 7] is independent of

the test function 4. For later convenience, we define for W (0, T')—functions

Il lweo,ry == Il - 220,751 () + 1196 - |220,7551 ()7 -



34 The Fokker—Planck equation

Furthermore, we recall the continuous embedding
W(0,T) c C([0,T]; L*(€2)), (2.12)

which gives meaning to the expression p;—o = p(0) € L?(Q). We also remark that the first equation in

(2.10) is equivalent to the Bochner space formulation that is used frequently throughout this thesis
p+F(p,-) =0 in L?(0,T; H(Q)"). (2.13)
Next, we establish some a—priori bounds.

Lemma 2.1.2. The flux—operator F is bounded and weakly coercive, i.e. there exists a null set N C [0,T]
and constants Cr, 3,y > 0 such that for all p,v» € HY(Q), t € [0, T]\N

|F:(p, )| < Crllpll g |¥] g2 (boundedness),
Bllpllz < Felp,p) +71pl3 (weak: coercivity).

Proof. In order to show boundedness, let p,1 € H*(2) and obtain

d
Fulp, ) = D aij(t,2)02,p(x) 00 () + p() b(t, 7) - V() | da
Q

4,j=1

d d
< (Z lasll Lo @r) +ZbiIILoomT))IIPIIHllwllHL

i,j=1 i=1

For the weak coercivity, we exploit the ellipticity (F2) of a;; with £ := Vp. Consequently, we obtain f.a.e.
t € [0,T] that

d
Jovp@Pds < [ (.00 20 p(a) da

4,j=1

< Fupop) + bl (an) / 1p(@)||Vp(a)] da.

Next, we use the e~Young’s inequality cico < ec? + ¢3/(4¢), which holds for any values cj,co € R and

¢ > 0 arbitrary, and choose ¢; = |Vpl,c2 = |p| and € = 0/(2]|b]|0). Thus, we conclude

3 [ IVp@P ds < 7o) + 310/ (), tae. te 0.7 (2.14)
Q

Finally, adding & [, |p(z)|?> dz to both sides of (2.14) yields the assertion with constants 8 := 6/2 and
v = |IblI3./(26) + 6/2. ]

We have the following existence and uniqueness result for the weak FP problem for initial distributions
from L?(Q).

Theorem 2.1.3. For every initial distribution py € L*(R), the following holds.

a) There exists a weak solution p € W(0,T) of the Fokker—Planck problem with flux—zero boundary
conditions and p(0) = po in the sense of Definition 2.1.1.

b) There exists some constant Cr > 0 independent of py such that

Pl Lo 0.7522(0)) + 1Pl L2(0,7:m1 () + 192l 220,751 (2)1) < CRCullpollLe (0
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¢) p is unique in C([0,T]; L?(£2)).

Proof. The existence of weak solutions can be shown with a standard Galerkin approach. Hence, it is
sufficient to show the a—priori estimates stated in b).

Let p denote a weak solution. Due to the continuous embedding (2.12), we can choose one representative
p € C([0,T); L?(2)), which is fixed from now on. This yields the following well-known identities that are
used frequently throughout this work

p(t) = p(s) +/1P(T) dr and [pt)|3 = [lp(s)l3 +2/ (B(7),p(7))rr dr, 5,1 €[0,T]. (2.15)

For a.e. 7 € [0,T], we can choose p(1) € H(Q) as a test function to obtain with (2.15), Definition 2.1.1

and the weak coercivity of F; the following estimate

t

t
()13 = llpoll3 —2/ Fr(p(7),p(7)) dr < ||p0||§+2/ Ylp(r)I3 dr.
0 0
Since t — ||p(t)]|2 is continuous, we have by Gronwall’s lemma
lp®)I5 < e llpoll3, ¢ € [0,7]. (2.16)

In order to verify the L?(0,T; H'(2))-bound, we notice with Lemma 2.1.2, (2.15) and (2.16) that

T T
| B de < [ (Ipto)lE - G0).00)0)

T
1
< /O 7€ ||poll3 dt — §<||p(T)||§ — |lpoll3) (2.17)
1
< 5 llpoll3.
For a H'(Q)'~bound, we only use that (p(t),) = —Fi(p(t), ) holds f.a.e. t € [0,T], and the bound-

edness of F; to obtain

POy = sup LD o e o, . (2.18)

YeH! (Q) WJHHl(Q)
Consequently, the L2(0,T; H*(€2)")-bound follows from the L?(0,T; H!(2))-bound of p and the proof of
b) is complete.
In order to verify uniqueness, assume that p,p € C([0,T]; L*(Q2)) are both weak solutions to the same

initial state pp. Once again with (2.15) and Lemma 2.1.2 we have

t t
Ip(t) = B2 = —2/0 Fr(p(r) = (1), p(1) = B(7)) dT < C/O Ip(7) = B(7)13 dr.
Thus, applying Gronwall’s lemma gives the assertion and the proof is complete. O

We remark that Theorem 2.1.3 remains valid if we consider controls from merely L?(0, T'; L>°(€2))™ instead

of L (Qr) by a density argument, and we refer to [5, Theorem 2.2] for a proof. In this case,

Ipllw 0,7y + 1Pz 0,7:22(2)) < CF C(llullL2(0,7;2 (22)))- (2.19)

Next, we show that weak solutions of the Fokker—Planck problem satisfy the typical properties of a PDF.
This can be seen as the motivation for considering the flux—zero boundary condition. However, we remark
that these boundary conditions can be rigorously derived from the SDE (2.1) in the manner of Section
1.1.
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Corollary 2.1.4. Recall that, according to (F'3), po is a probability distribution function, i.e.,
i) [opo(x)de =1 and
ii) po >0 a.e. on .

Let p be the unique weak solution in C([0,T]; L?>(Q)). Then, p(t) € L?(Q) does also have these prop-
erties for all t € [0,T]. We say that the Fokker—Planck problem with fluz—zero boundary conditions is

conservative.

Proof. Due to the flux zero boundary condition, the test function appears only as a gradient in the
bilinear form F. Therefore, the conservation of the total probability follows from the definition of a weak

solution if we choose ¢ = 1 € H!(Q) as a test function

0=~ [ R = [ 6= [ podo= [ pe)dn, 0<st<T @)

However, since p(t) is only an H'(£2)’'~function, and since the following argument appears multiple times

in this thesis, we carefully prove the last equal sign. First, recall the continuous embedding
CH([0,T); H' () € WH(0,T5 HY(Q)') 0 L*(0,T5 H' (),

and the fundamental theorem of calculus for Banach space valued functions

() — pls) = / B(r)dr (2.21)

a.e.on Q for all 0 < s,t < T, o € C([0,T]; H'(2)). Hence, the last equal sign in (2.20) can be proven

with the following density argument. Let (py) C CY([0,T); H'(2)) with py — p in W(0,T). Now by

(2.11), Fubini and (2.21) we have

/:<pk<7>,1>Hf dT:/:@k(T),lm(m dT:/Q/:pmchdx=/ka<t>dx—/ﬂpk<s>dx.

Taking the limit on both sides proves the conservation of the total probability.

keN

In order to show the non—negativity of p, we consider its negative part
p_ :=min{p,0} € L*(0,T; H*(0,T)) N L>(0,T; L*(Q)).

Note that in general p_ does not belong to H(0,T; H'(Q2)’), nevertheless, an integration—by-parts for-
mula still holds, and we refer to [67] for a proof. This implies f.a.e. t €]0,T

= (t),p— () = (B(t),p— (), and Fy(p(t), p—(t)) = Fe(p—(t),p-(t)).
This yields with p_(0) = 0 and the weak coercivity of F that for every ¢ € [0, T
1 t t t
-0 = [ G- dr == [ Fo- - dr <o [ ol
Now, Grénwall’s inequality implies that ||p_(#)]|3 < 0 which in turn provides p(t) > 0 a.e. on . O

Let us establish some standard regularity properties for W (0, T)—functions. For this purpose, let us recall

the following continuous Sobolev embeddings, cf. [1],

C2(Q), ifd=1,
HY Q) = {L7(Q), nell,oof ifd=2, (2.22)
L1Q), qe[l,2%[ ifd>3.
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Corollary 2.1.5. (Further regularity of W (0,T)—functions)

Let d € N be the dimension of Q. Then any function in W (0,T) is also in L*/4T2(Qr) and the embedding
wW(0,T) € L"(Qr), 1<n< % +2 (2.23)

18 compact.

Proof. Due to the Gagliardo—Nirenberg interpolation inequality, we obtain the continuous embedding

W(0,T) — L¥¥*2(Qr). Next, let ¢ = 24 if d > 3 and ¢ = oo else. Let 1 < p < ¢. Since the

Rellich-Kondrachov embedding H'(Q2) € LP(Q2) is compact, we may apply Aubin-Lions Lemma on
HY(Q) € LP(Q) c HY(Q)'

to obtain the compact embedding W (0,7) € L?(0,T; LP(Q2). Consequently, for any bounded sequence
(zr) € W(0,T), we have for a subsequence

2, — 2z in L*(0,T; LP(Q)) and |z — 2| is uniformly bounded in L>°(0, T; L*(Q)).

With a standard interpolation estimate for Bochner spaces, we obtain

17
2k = 2llrr < llzk — 2l 0.2 126 — 2|2, = 0,
where 2 = 12 4 @ apd 1 = 15 4 2. Rearranging both equations to 7 and r with 7 = r yields the
assertion as p tends to q. O

When we analyze FP optimal control problems, we have to consider the Fréchet derivatives of the control-
to—state map. This operator will be given implicitly by an inhomogeneous Fokker—Planck problem, and

therefore, we have to investigate existence and regularity in the following section.
2.2 The inhomogeneous Problem — obtaining uniform bounds with a De
Giorgi iteration

When you change the way you look at things, the things you look

at change.

MAX PLANCK, 1858 — 1947

In preparation of our analysis of optimality conditions, we discuss an inhomogeneous FP equation with
a right-hand side belonging to the space L?(0,T; H'(2)’). The main result of this section is the L>°—
estimate given in Theorem 2.2.3 below, which is essential for the upcoming analysis of the FP ensemble
optimal control problem in the case of time—space dependent controls. Furthermore, we present an L>°—
estimate for an inhomogeneous parabolic problem with right-hand side belonging to L>°(Qr), which is

needed for the adjoint problem.
Corollary 2.2.1. Let g € L*(0,T; HX(Q)), z0 € L?*(Q) and v € L?(0,T; L>(Q))™. Then there exists a

unique weak solution z € W(0,T) of the inhomogeneous Fokker—Planck problem in the sense that there
exists a null set N C [0, T] with

(), V) + Fe(2(8),9) = (9(t), ¥)mr,  t € [0,T\N, v € H'(Q),

with initial condition z(0) = zo a.e. on Q. Additionally, there exists a constant C = CgC,y, where C,,

depends continuously only on ||u||p2pe, such that

121l o< (0,7 2(02)) + 12l 220,717 () + 12l 20,151 ()) < C(|lzo0ll72 + gl 20,11 (20)7)) -
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Proof. Due to the linearity of the Fokker—Planck equation, the proof can be easily deduced from the proof
of Theorem 2.1.3. O

The following L>°—estimate is crucial for the second—order analysis and is shown with a De Giorgi iteration.
For the convenience of the reader, we state the so—called De Giorgi lemma; a proof can be found in [68,
Lemma 4.1.1].

Lemma 2.2.2. (De-Giorgi Iteration)
Let Mg > 0. Let ¢ : [Ao, 00 [— [0, 00[ be a non—increasing function, satisfying for some constants M, « > 0,
B > 1 the estimate

om < (215) o

m— A
for allm > X\ > X\g. Then, there exists C' > 0 such that for all A\ > \g + C

p(A) =0.

Although new, the following result is known to be true for similar parabolic equations, and we were able
to use the available techniques of the proof to our case; see [14] and [68, Theorem 4.2.2]. We remark that
we impose u € L>(Qr) and to the best of our knowledge, merely u € L?(0,T; L°°(2)) is not sufficient

for an L*>°—estimate.

Theorem 2.2.3. (L —estimates for the inhomogeneous Fokker—Planck problem)
Let 29 € L®(Q), u € L>=(Qr) and let z € W(0,T) N C([0,T); L?(R)) be the unique weak solution of the
inhomogeneous Fokker—Planck problem

<év '>H’ +‘F(Zv ) = <gv'>H/7 in L2(03T;H1(Q)/)

with z(0) = zo a.e. on . Let the source term be of the form
<gta7/}>H’ = /Q <g1(t,l‘) 1/’(17) + g2(t7x) ’ V1/}($)) de, te [OaT]; (RS Hl(Q)ﬂ (224)

where g, € LY(Q7) and go € LI(Qp)? with ¢ > d + 2. Furthermore, let z € L9(Qr). Then, z € L>®(Qr)

and there exist some constant C = CpC,, > 0, where C,, depends continuously only on ||u|le, such that
12()lloe < e llz0lloc +C (lgnlly + llgzllg + lIlle), ¢ € [0,T]. (2.25)
We remark that if d € {1, 2}, then z € LY(Qr) due to Corollary 2.1.5.

Proof. For any v > 0, A > ||20]|00, we define the C([0, T]; L?(Q2))-functions
flt,z) :=e "2(t, ), flt,x) == max{f(t,z) — A,0}, (¢,x) €[0,T] x Q.
Notice that f € W(0,T), hence, fy is non—negative on Qr, positive on the measurable set
My ={(t,x) € Qr = f(t,x) > A}

and an integration—by—parts formula holds, cf. [67]. We remark that the (d 4+ 1)-dimensional volume of
My does not depend on the choice of the pointwise defined representative of z. Furthermore, we can
assume that vol My > 0 for all A > ||zp]|c0, otherwise the assertion is already shown.

STEP 1: For a.e. ¢t € [0,T], we observe that

1d

33 (IR@IB) = FO.H0) =7 [ FOAO - RGO 50+ GA0), 220
Q
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since p solves (p,-) = —F;(p,-) in L2(0,T; H*(Q)’) and f\(t) € H(Q2). Due to (F2), we find that a.e. on
[0,T] it holds that

d
F(ff) = - / S i0n fr0s, S — [V Vs | da
2 \ij=1 (2.27)
J— 2 .
< 9/Q|vm dm+/ﬂfb Vfy de.

In the first step, we have used the fact that fy, =0 on Qp\M), and Vf\ = V[ on M,.
Now, since A > ||20]|00, We have || fx(0)|l2 = 0. Combining (2.26) and (2.27), and integrating with respect
to t yields

,Hf,\ Z—W//fsfosxdsdx—/}' ), [a(s d5+/gsf>\
< [(- [ fnde =113 - 19513 ) s (2.9

+ /0 /Q (g1/x + (g2 + fb) - Vfy) dads,

where we suppress the arguments of the functions in the last step for the sake of clarity. We use the

e-Young inequality to obtain on M)

QI

4
(924 f0) - VIx < — (IfE1° +192*) +26IVAP, g1fa < gt +ef.

Since —yA [, fA(t, z) dz is non-positive, we obtain with (2.28) the following inequality

1 ¢
IR0 [ (E=DIREIE+ =0 ITAEIE) ds
2 (ol + g2l +blZI1£113
- 91llL2(My) 921l L2 () oo llI L2 (ny) )
Next, the choice € = 6/4, v = 6/2 results in both (2e — 6) and (¢ — 7) being negative; thus we arrive at
13202 + 15 B < € (loalBaqary) + 192 3acansy + 1132001, ) - (229)
STEP 2: Since fy € L*°(0,T; L*(Q)) N L%(0,T; H'(2)), Corollary 2.1.5 yields fy € L"(Qr) for all
4
1<n<2+-
=7 + PR
and we can bound

1/2
(a2 + AN re)

where we used Young’s inequality for the second estimate. Next, we apply Holder’s inequality with the

1x]ln < Cllfxla,

indicator function and exponent x’ := ¢/2 with dual  to obtain for i = 1,2

1/k
/ lgs|? dt da < (volMA)l/K (/ )" dtdx) ,
My M,

1/k
/ |f|2dtdx<(volM,\)1/”</ Fiks dtdx) .
My My

This implies with (2.29) and g = 2x’ the estimate

I£ally < C (vol M) G, with G := (g1l zacar) + I92llzary + 1flLo(0q)) - (2.30)
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STEP 3: In this step, we bring the previous results together and consider the well-defined, non-increasing
function ¢(A) := vol My, defined for A € [|| folloo, 00[. Now let m > X > || fo|loo. Hence, M,, C My and
on M,,, it holds that m — A < f — XA = fy. Thus, by (2.30), we obtain

o(m)(m — \)" = / m- "< [ frdede < C ()" an,
M, M

and therefore, it holds that p(m) < C (G/(m — \))" (o(X\)" 25,

In order to apply the De-Giorgi Iteration, we must verify that the exponent 7/(2k), which is 8 in Lemma

2.2.2, is greater than 1.

We recall that k = K,”‘—Ll = q%’z and 1 < n < 2+ %, and consequently, we obtain the condition

%{;(q_m > 1. Rearranging for ¢, we obtain the condition ¢ > d + 2. Thus, we may apply Lemma

2.2.2, which implies vol M,, =0 for m > | follec + CG.

Analogously, we can show that the set M, := {(t,z) € Qr : f(t,x) < —A} has measure zero for

sufficiently large A by considering f, := (f + A)_ instead of fx, which yields the desired lower bound of

f. Combining both results, we have shown that

[flloe <l folloe + Cllgrllq + llg2lla + 1 £1l4)-

Since f(t,z) := e~ 7*2(t,x) we have proven estimate (2.25) under the assumption that z € L¢(Q7). Now,
for the case d € {1,2}, Corollary 2.1.5 states that W(0,T) C L%(Qr). This continuous embedding and
the fact that z € W(0,T) concludes the proof. O

We remark that the assumption on the exponent ¢ can be weakened if go = 0. For the analysis of
optimality conditions for the FP control problem, we need L°°—bounds for the adjoint problem. The

existence of solutions in W(0,T) is established in Section 3.4.

Theorem 2.2.4. (L>®—estimates for the adjoint problem)
Let yg € L*>®(Q), g,u € L>®(Qr) and let y € W(0,T)NC([0,T]; L*(Q)) be the unique weak solution of the
following problem

@) +F(y) =g, ), in L20,T;H'(Q))

with y(0) = yo a.e. on Q. Let ¢ >d+2. If g € LY(Qr) and Vy € LI(Qr)?, then y € L=(Qr) and there
exists some C = CrC, > 0 such that

ly®)llse < €'llgolloc + Cllgllse + Vyllg), ¢ €[0,T]. (2.31)

Proof. The proof can be done analogously to the one of Theorem 2.2.3; notice that the only change is y
appearing in the second argument of F(-,-) instead in the first one as in the FP problem. Therefore, we
similarly define f(t,z) := e "'y(¢t,x) and fr(¢,x) := (f(t,2) — )4, and we see that equation (2.26)—(2.27)
changes to

% (IA@)1E) = (f(1), /A1) = /Q (9O f2(8) = v f (D) £2(1) dz — Fo(£a(2), £(1))

DO =

fa.e. t €[0,T] and

—F(fx, f) < —9/Q|Vf,\\2dx+/ﬂf>\b~Vfdx, a.e. on [0,T].
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Consequently, estimate (2.28) becomes f.a.e. t € [0,T]
1 t
SO < [ (-0 [ AGode I 6EIE - VAR ds

+/O /Qf,\(s,:c)(b(s,x) -V f(s,z)+ g(s,x))dxds.

We apply the e-Young inequality to estimate f\(b-Vf +g) < efs + %(b -Vf+g)? on My, and since
YA Jo frdx > 0, we obtain

1 t
§||fA(t)||§ S/ (=l 6)3 = 0V AA(s)]3) ds
0
+ 8/0 A | fa(s,2)|* ds dx + g/o /Q(b(s,x) -V f(s,x) +g(s,x))*drds
t
< [ (=D - OITAGIB) ds-+ 2 (BILITIIE + o)

We recall that we use the same notation || - ||, for the LP-norm over Q and Q7. Once again, we choose
¢ and «y such that (¢ — ) is negative — in contrast to the proof of Theorem 2.2.3, we may simply choose

v=1and e =1/2 — and we arrive at

1B + 13 < € (NolBacars) + 195130 ) -

Next, we follow step 2 of the proof of Theorem 2.2.3 and obtain (2.30) with G := ||g||; + ||V fl4- Step 3

can be done completely analogously, and we arrive at

1flloo < [l follso + Cllglly + 1V f1lq)-

The assertion follows from the fact that f(t,z) = e ty(t,z), which implies ||folloc = |l¥ollco- This
concludes the proof. O

Let us remark that the estimate (2.31) is not optimal, since the choice v = 1 and € = 1/2 in the proof
have not been optimal.

2.3 Higher regularity of solutions to parabolic problems

In this section, we establish higher regularity of weak solutions to the Fokker—Planck problem and related
parabolic problems under all assumptions (F1)—(F7). Let us state a well-known result from [34, Theorem

5] for a parabolic problem with Dirichlet boundary conditions. Let
y € L*(0,T; Hy(Q)) N H*(0,T; H ()
be a weak solution to the inhomogeneous problem
Oy+Ly=g onQp

with r.h.s. g, initial condition y(0) = yo on  and Dirichlet boundary condition y(t,-) = 0 in the trace
sense on Of) for a.e. t € [0,7]. Then, if the coefficients of L are sufficiently smooth, yo € HE () and
g € L?(Qr), the weak solution y enjoys the higher regularity

y € L*(0,T; H*()) N C([0,T]; Hy (), dey € L*(Qr).
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To the best of our knowledge, an analogous result does not exist in general for our FP problem with the
flux—zero boundary conditions (2.4). In [59, Section 3], it is claimed that higher regularity can be shown
by a classical bootstrap argument, but no proof is given, and it seems difficult to verify the claim in this
general setting. In the works of [5,13], the authors deduce higher regularity by a different approach, which
is discussed next. In both papers, the idea is that the Fokker—Planck problem with flux zero boundary
conditions can be rewritten as a heat equation with Neumann—boundary conditions under the condition

(F4) on M, c and w. This is demonstrated in the following lemma.
Lemma 2.3.1. Let the conditions (F'1)-(F7) hold. Let p be a weak solution of the FP problem.

a) If (F6 i) holds, then p is a weak solution to the following linear heat problem

Oyp — alAp = fi on Qrp,
p(0) = po on €,
Vp-in=0 on [0,T] x 09,

where the r.h.s. fi is defined as

fi(t, z) = div (p(t,x)B[u](t,m)), (t,z) € Qr.

b) If (F6 i) holds, i.e., ¢ has a potential V, then w := €¥/%p is a weak solution of

Orw — alAw = fo on Qr,
w(0) = po on 9,
Vw-n=0 on [0,T] x 09,

where we have possibly changed V' up to a constant such that V(0,-) =0 a.e. on Q. The r.h.s. fo
is defined for (t,x) € Qr as

fa(t,z) == —c(t,x) - Vw(t,z) — %w(t, z)c(t,z) " M(t, z)u(t, z) + div (w(t,z) M (¢, z)u(t, 7).

Proof. Let (F6 i) be fulfilled, that is, f.a.e. ¢ € [0,T] we have ¢(t,-) - 7 = 0 a.e. on 9. Due to this and
(F5), we have (pB[u]) -n = 0 on [0,T] x Q. Hence, for any test function v € H!(£2), it holds that

/Q pBlu| - Vip dax = —/Qdiv (pB[u])w dr = —(f1,9)12()-

This proves the first claim.

Next, let (F6 ii) hold and define w := e¥/%p; notice that p and w enjoy the same regularity, up to the
regularity of V. Obviously, w(0) = " (0/p(0) = py a.e. on Q. With the chain rule, we compute the
weak derivatives

Vp =e V/Vw — e V/ovY Y eV (Vw — ﬂ), a.e. on Q.
a a

We insert the formulas for Vp and p into the flux—zero boundary conditions to obtain

0= (Vp+pBu]) ~n=ae¥/*Vw-n, ae. on [0,T]x 0.

V/a

Since a and e~ are positive, this implies

Vw-A=0 a.e. on [0,T]x 0Q.
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Lastly, the formula for f, is obtained by computing div (¢"/*(Vp + ¢p/a)) and applying the boundary

conditions,
— V/a cp _
a/Vw~V1pdm—a/e (Vp+ L) Vodz = ~(f2. )12
Q Q a
This shows the second claim. O

Higher regularity of p depends on the regularity of f; and f;, which in turn depends on the set of
admissible controls under consideration. In general, if u is space dependent, derivatives of u appear in f;
and f5. Therefore, one would need a set of admissible controls such that the spatial derivatives of u are
essentially bounded, in order for f; and f5 to be in L?(Q27). Therefore, the following Lemma is the key

for higher regularity but in our setting only applicable in the case of only time-dependent controls.
Lemma 2.3.2. Let the conditions (F1)-(F7) hold. Let the controlu € L*(0,T)™ be only time—dependent.

a) The functions fi and fo defined in Lemma 2.3.1 are in L*(Q7), and p satisfies (depending on the
case (F6 i) or (F6 ii) for j =1,2)

IPllwo.1) + Il @) < Cra(Ifill 2@z + IPollE ())-

b) The mapping f — p is also continuous from L*(Qr) to CY/2([0,T); L*(Q)) N C([0,T]; H(Q)) and
compact from L?(Qr) to C([0,T]; L?(Q)), where p is a weak solution to

Oip —alp=f on Qrp,
p(0) = po on §2,
Vp-i=0 on [0,T] x 0.
Proof. The proof is given in the Appendix of [5]. O

Let us summarize the issue of higher regularity of solutions to the FP problem. When we consider
second—order conditions of an optimization problem constrained by the FP problem, it turns out that
solutions merely in W(0,T) are not enough to prove certain statements.

In the case of space—dependent controls, we will see quickly that it is convenient to work with essentially
bounded solutions. For that purpose, we have established the L°°—estimate in the previous section;
however, this restricts us to dimensions d € {1,2,3} of Q.

In the case of only time-dependent controls, we have a second option and can avoid the necessity of
essentially bounded solutions. This is done by rewriting the FP problem as a linear heat equation with
a r.h.s. and then apply Lemma 2.3.2. This gives weak solutions in C([0,T]; H'(f2)), a very useful
compactness result and holds in all dimensions d € N of 2. When we are interested in the numerical
analysis for the FP problem, we need to obtain even higher regularity than C([0,7]; H'(Q)). For this
purpose, let us introduce Bessel potential spaces and Sobolev—Slobodeckij spaces, which allow a finer

classification of functions from Sobolev spaces.

Definition 2.3.3. (Bessel potential space and Sobolev—Slobodeckij space)
Let n € N and let D C R™ be a bounded domain.

a) For f € L*(R™), we denote by
f© = [ fl@)e " ds, £eR"
RTL

the Fourier transform of f. The Fourier transform * is an isomorphism on L?(R™), and its inverse
is denoted by f.
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b) For q € [1,00[ and s € R, we define the Bessel potential space
Hy®") = {f € LUR") : g, € LIR") with g,(¢) = (1+[¢A)/2f(€), ¢ R}
with the norm
1 1|25 Ry == 1gsll Loqrn)-
Furthermore, we define
H:(D):={fip:feHR")}
with the norm
1fllas () = inf{||h||H§(Rn) ‘he HI(RY) and hyp = f} .

¢) For q € [1,00[ and s €]0,1[, we define the Sobolev-Slobodeckij space

woa) ={s vy [ [ HDIOE gray < oo

Mo </ e [ f R d dy)l/q

We remark that the Sobolev—Slobodeckij space can be seen as the extension of the Sobolev space W*4(D),
k € N for fractional derivatives. In view of that, the Sobolev-Slobodeckij space W**%49(D) can be defined
as the set of functions from W*P(D) with weak k-th derivatives in W*9(D). Moreover, the Bessel

potential space can be seen as the extension of the Hilbert space H*(D), s € R, for other exponents than

with the norm

q = 2, and we notice that
W#*2(D) = H3(D) = H*(D).

Furthermore, we collect the following basic properties of the Bessel potential space and Sobolev—
Slobodeckij space. We refer the reader to [63, Remark 1.96] and [26, 55] for the well-definedness of
the Bessel spaces and Sobolev—Slobodeckij spaces and for the proof of the following lemma.

Lemma 2.3.4. Let n € N and let D C R"™ be a bounded domain.
a) For all s €]0,1] and q €]1,2], it holds that

W*4(D) — H:(D).

b) For all s €]0,1[ and q € [2,00], it holds that

HE(D) < W*1(D).

¢) If sqg < n, then for any ¢* € [1, nT_quq] it holds that

H:(D) — L7 (D).

We remark that this is the extension of the Gagliardo—Nirenberg—embedding W*4(D) — L (D) for
ke N.

d) If s¢ > n and if | + « = s —n/q with « €]0,1] and | € Ny, it holds that
s I,
Hg(D) — C*(D),

which is the extension of Morrey’s embedding into Hélder spaces W*4(D) — CH(D).
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The Bessel potential spaces play a crucial role for the analysis of the FP optimal control problem, due to

the following result on maximal regularity for parabolic problems from [57].

Theorem 2.3.5. (On mazimal LP-regularity)
Let 1 < g < o0, q#3/2,q#3 and let p € W(0,T) be the unique weak solution of the inhomogeneous
heat equation with Neumann boundary conditions

Op(t,z) — Ap(t,z) = f(t, x) (t,xz) €[0,T] x Q, (2.32)
p(0,2) = po(x) z€Q, (2.33)
Vp(t,z) -n(z) =0 (t,z) € [0,T] x 0. (2.34)

Then, p has the higher reqularity
p € H(0,T;LI(Q) N LY0,T; H ()
if and only if
feLQr), poeW: 1),
and the compatibility condition Vpg - n =0 on 0 holds if ¢ > 3.

Furthermore, by standard interpolation arguments, we obtain that
1 ) .72 1-9 . 7720
H (0,75 L%(Q)) N LY0,T; Hy (Q2)) — H,~"(0,T; H,”(Q)), 6 €]0,1[.

In order to gain higher regularity for FP solutions with Theorem 2.3.5, we need to consider the regularity
of the r.h.s. f; for simplicity, let us consider the case a) in Lemma 2.3.2 with f = div (p B[u]). Thus, the
regularity of f strongly depends on the space of admissible controls under investigation.

Let us consider the simple case of only time—dependent controls from L>°(0,T)™ with (F1)—(F7). Since
Blu] = Mu + ¢ with

M € L0, T; Whee(Q)¥X™, ¢ e L°°(0,T; Wh*°(Q))?
we obtain that div Blu] € L (Qr). Thus, p € W(0,T) implies
f =div (pBlu]) € L®(0,T; L*(Q)) N L*(0, T; LP" () < L"(Qr),

see Corollary 2.1.5 for the latter embedding and the definition of p* and 1. Consequently, Theorem 2.3.5
lifts the regularity of p from W (0,T) to H}(0,T;L"(2)) N L"(0,T; HZ(S2)). Since p appears in f, we
may say that p lifted its regularity on its own, and we can repeat this argument — often referred to as

bootstrap argument — as long as we obtain improvement in the regularity of f.

2.4 The control-to—state map, Fréchet differentiability and the lin-

earized state equation

In this section, we introduce and analyze the mapping of a control u to its corresponding state p solving
our Fokker—Planck problem. Moreover, we prove compactness of this FP control-to—state map for time—
and time-space dependent controls. In the case of only time—dependent controls, we will exploit the
higher regularity of p, established in the previous section. For time—space dependent controls, we rely on
L>—estimates given by Theorem 2.2.3, and therefore, we are restricted to d € {1,2,3} in that case.
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Let the assumptions (F1)-(F3) from Chapter 2 hold and let —co < u™ < u™8 < oo, where Chq > 0
stands for a generic constant that depends continuously only on |u™"| and |u™®*|. We define the set of

admissible controls for the time—space and time—dependent case as follows.

Uyg := {u € L®(Qp)™ : ™" < wyy <u™>, ae on Qp, i=1,... ,m},

T 00 m min max . (235)
Uy :={ue L®0,T)" : u™ <u; <u™, ae on [0,7],i=1,...,m}.

(Ul) For time-space dependent controls, we introduce the Hilbert spaces
Vi = L*(Qr)™, Yo:=L*(0,T;Hy(Q)™, Yz:=H"(Qp)™

and the admissible sets
Ugd =U,aNYj, forje{l,2,3}.

(U2) For only time—dependent controls, we analogously define
Yr := L*(0, 7)™ and Yy := H*(0,T)™,
and admissible sets UZ; and UaTd’H = UL N H0,T)™.

Throughout this chapter, we use the symbol U to represent any of these set of admissible controls and
the symbol Y for any Hilbert space from above. We remark that the admissible sets are convex, bounded
and closed w.r.t. the corresponding norm. Furthermore, we notice that the interior of Uid and UaTd’j
with respect to the L°°—mnorms are non—empty, which gives meaning to Fréchet differentiability on the
admissible sets.

Obviously, one could generalize the constant box—constraints to vector valued functions w™", ™% : Qp —
R™ or u™® y™ax : [0, T] — R™ that are measurable and bounded functions such that the interior of the
admissible set is non—empty. We are not pursuing that generalization, since we rather prefer to keep the
notations simple.

The control v is from here on added to the notation of the bilinear flux and Flu] is written instead of

just F. Due to Theorem 2.1.3 and the remark below, the following definition is well-posed for fixed py.

Definition 2.4.1. There exists a unique, non—linear, continuous mapping
G: L*0,T; L= Q)™ — W(0,T), u~ G(u), (2.36)
such that p = G(u) represents the weak solution of the Fokker—Planck problem (2.2)—(2.4):

(Oep, Y + Flul(p,-) =0 in L*(0,T; H'(Q)"),
p(0) = pg in L*(Q).

The operator G maps any admissible control to the associated state and is therefore referred to as the
control-to—state operator. In the case of only time—dependent controls, we have an analogous definition
for G : L2(0,T)™ — W(0,T).

We remark that we prefer to use the same notation G in the case of time—space and only time-dependent
controls, i.e., we will write G : L2(0,T; L>(Q))™ — W(0,T) and G : L*(0,T)™ — W(0,T).

Next, we discuss further properties of the control-to—state map G, that is, Fréchet differentiability,
Lipschitz continuity and compactness. We will start with a partial result on compactness in the L?(27)—
norm and then derive differentiability and Lipschitz continuity. With these three properties, we can lastly
prove the compactness of G in the W (0, T)-norm.
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Throughout this chapter, we will often encounter the bilinearity of F in the control and state argument.
What we mean by this is the following. For uy,us € L2(0,T; L>=(Q))™ and p; := G(u1), p2 := G(uz), we
have for all test functions ¢ € H(Q)

Flurl(p1, ) — Fluz](p2,¥) = Flur]((p1 — p2), %) — (p2 M (u1 — u2), Vi) 12(q)

(2.37)
= Flua]((p1 — p2), %) — (p1 M (w1 — u2), Vi) 12(q)-

Lemma 2.4.2. (Compactness of G on the set of admissible controls)

Let (u¥)gen C U, where U denotes one of the admissible sets under consideration in this chapter, that is

U= UJd for j=1,2,3, or U=UL or ULH.

ad

Then there exists u € U such that for a subsequence
G(u*) — G(u) strongly in L*(Q7).

Proof. Obviously, it is enough to show the assertion for the case U = U,q since all the other set of
admissible controls can be seen as subset of U,q. Now let (uk) keN C Uaq. Due to the box—constraints,
each component of u* is bounded in L>(€r) uniformly in k by a constant C,q. Hence, there exists

u € Uuq and a weakly™ convergent subsequence such that, keeping the same index,
uf =% u in L®(Qp)™

Notice that L>(Q7r) is the dual of L!(€7), so we can identify u* as an element of L!(£27)" and obtain
that

/ ub (t,x)g(t, x) dt do — u(t,x)g(t, ) dt de
QT QT

for all g € L*(Qr). Next, due to Theorem 2.1.3, we obtain that G(u*) is bounded in W (0, T') uniformly in
k by a constant CpCyq < co. Hence, after possibly extracting a subsequence, G(u*) converges weakly in
W(0,T) to some p, and an application of Corollary 2.1.5 yields that G(u*) — p strongly in L?(Qr) (even
strongly in L7((0,T); L?(Q2)) for all 7 > 1). Lastly, we need to verify that p solves the FP problem with
control u since uniqueness then implies G(u) = p. Let us denote py := G(u¥) and recall that a = (a;;) is

the diffusion matrix. Due to the weak convergence of (py) in W(0,T), we obtain for the linear terms
T
/ ((pk(t), e+ [ Inelt.n)alt.0)Ve(t.2) da:) dt
0

—>/ ( YH /thw) a(t,z)V(t, x)dw) dt, ask — oo,

for all ¢ € H*(0,T;L?(2)) N L*(0,T; HY(Q)) with »(T,-) = 0. The other linear terms, that is only py

k

appears but no u”, are treated analogously. The interesting part is the convergence of the bilinear term

Jo, Pr Mu* -V = [ pMu- V. We include the mixed term p Mu"* - Vi and observe that

‘/Q (pr, — p)(Mu") - V@‘ <Pk = pllz@n) 1M L (@r) Caall ol L2 = 0
T
due to the L?(Q7)-strong convergence of py — p. Furthermore, it holds that
/ p(M(u* —u)) - Vo =0, ask — oo
Qr

since pVp ' M is in L' (7)™ and u* —* u in L>=(Qr)™. Consequently, passing to the limit, we conclude
that p is a weak solution, and therefore, it holds that p = G(u). This completes the proof. O
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In the case of only time-dependent controls with controls from H'(0,7)™, no box—constraints need to
be imposed to obtain compactness of Gi. This is due to compact embedding L?(0,7) € H'(0,T) and the
a—priori estimate of p w.r.t. u in the L?(0,T)-norm (2.19). The control-to-state map G on L?(0,T)™ is,
however, not compact.

We start with the Fréchet differentiability; notice that it is sufficient to prove this property for the largest
space L2(0,T; L°°(2))™, see definition 1.3.3 and the remark below. We consider the functional

H:W(0,T) x L*(0,T; L>=(Q))™ — L*(0,T; H'(Q)") x L*(Q),

First, we see that both components of H are arbitrarily often continuously Fréchet differentiable on
W(0,T) x L?(0,T; L (2))™. Now, observe that H was defined such that H(p,u) = (0,0) iff p is a
solution of the Fokker—Planck problem with drift « and initial PDF py. Hence, H(G(u),u) = (0,0) for
all w € L2(0,T; L% (2))™. Next, we recall the implicit function theorem on Banach spaces. In order to
apply this theorem, we have to show that the mapping

W(0,T) > z = DyH(p,u)(2) = (¢ + Ful(z,-), 2(0)) € L*(0,T; H*(2)") x L*(Q) (2.38)

is an isomorphism. This follows immediately from Corollary 2.2.1, specifically, the injectivity follows by
the uniqueness and the surjectivity by the existence result.

Hence, the implicit function theorem is applicable for any starting points (p,u) € W(0,T) x L>®(Qr)™
with H(p,u) = (0,0). Finally, we can deduce that G is continuously Fréchet differentiable in u €
L2(0,T; L*°(£2))™ if we apply this theorem in (G(u),u). This yields a continuously Fréchet differentiable
function G with H(G(u),u) = (0,0) on an open neighborhood u € U € L?(0,T; L>°(2))™. By uniqueness,

G = G on U, and since u was chosen arbitrarily, we obtain the differentiability of G on L (Qr)
Furthermore, differentiating H(G(u),u) = 0 with respect to u gives an implicit formula for G’ (u), namely

D,H(G(u),u)G (u)(v) + Dy H(G(u),u)(v) =0, u,ve L*0,T;L>(Q)™. (2.39)

Notice that G' maps to W(0,T), and hence, for all u,v € L%(0,T;L%(Q2))™, it holds that G’'(u)v €
W(0,T). Therefore, we may calculate the Fréchet derivative of H; at (p,u) in direction v €
L2(0,T; L°°(£2))™. For any test function ¢ € W(0,T), we have a.e. on [0, 7]

Do Hi (py ) (0) () = tim 21 00)@: ) = Flul(p, )

= /Qp(Mv) -Vepdz. (2.40)

Plugging (2.40) and (2.38) into (2.39) implies that z := G’(u)v solves the so—called linearized state
equation (in weak form) at (G(u),u) = (p,u) in direction v € L= (Qr)™

(2, Y+ Flu)(z,-) = (f'"u,v], ) g in L2(0,T; HY(Q)'), (2.41)
z2(0)=0 a.e. on .

where for ) € HY(2), t € [0,T], we define
d m
< thn[ua U]7 ’(/)>H/ = Z Z /Qp(t’ .I‘) Mij(tv Jf)’Uj(t, Jf) 3@1?(37) dx.
i=1j=1

The key point is that we can verify that the r.h.s. (f"[u,v],-) g is in L2(0,T; H*(Q)"). This follows
from the fact that

p € L>®(0,T; L)), M € L®(Qr)™™ and v € L*(0,T; L=(Q))™
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For the upcoming first— and second—order analysis, it is essential that (2.41) is an inhomogeneous Fokker—
Planck problem. Specifically, it is very defining and shaping for our bilinear problem that the source term
f1[u, v] takes the form from above. Roughly speaking, it is the product of the state and the direction of
the derivative, i.e. f1"[u,v] ~ G(u)v.

Now, let us summarize our previous and some further results with the following lemma. We recall the

abbreviations for the following Bochner spaces

| Mlzemn == I - llro, im0y I vz == - lr 0,10 ())-

Lemma 2.4.3. The control-to-state map G is of class C* in L*(0,T; L>°(Q))™. Furthermore, it has the

following properties:

a) Its derivative is the solution of the linearized state equation, i.e., z := G'(u)v € W(0,T) solves
(2.41) for u,v € L*(0,T; L>°(2))™ and it holds that

12l 2 + I2lwior) < Crllvllepe= |G ()| Lo 2. (2.42)
Furthermore, if u € L=(Qp)™ and G(u) € L= (Qr), then the following estimate holds
12l + [Izllw o) < CrllvllL2@n 1G(W)] L @r)- (2.43)

b) G is locally Lipschitz continuous in the following sense:

|G(u) — G(w)lwo,r) < CrCil|G(w)||per2|lu —w|p2pe, u,w € LQ(O,T;LOO(Q))’”, (2.44)
|G (u) = G(w)||wo,r) < CrCa||G(w)|lL=@mllu — w2y, u,we L>(Qr)™ (2.45)

with constants C1 = C(||ul|r2p~) and Cy = C(||ull = (0r))-
¢) G is compact in the following sense: If
(uF)pen C© L (Qp)™ with v —* u in L°°(Qr)™

or
() pen € HY(0,T)™ with u* — u in H*(0,T)™,

then G(u*) — G(u) in W(0,T) strongly.
d) If d € {1,2}, then G is also compact in L>°(Qr): For
(uk)keN C L>®(Qr)™ with uf —* 4y in L>(Qp)™,
it holds that G(u¥) — G(u) in L= (Qr).

Proof. In order to prove estimate (2.42), we recall that z is a solution of the FP problem with initial state

zero and r.h.s. fi%[u, v]. Thus, we can apply Corollary 2.2.1 and observe for ¢» € H'(Q)

lin T
17 ol < | [ |ptn) Vo) Moo daf]
< |pllpeer2lvll2 oo [[M oo 191 1 ()

and respectively

Hflin[u,’l}](w)”LQ(O,T) < Hp||L°°(QT)||U||L2(QT)HMHO@HwHHl(Q)
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This proves the estimates (2.42) and (2.43). The case of only time-dependent controls, that is v = v(¢) €
L?(0,T)™, is obviously a subproblem of the case v € L?(0,T; L°(£2)), and hence, a bound of p in the
L>(0,T; L?(£2))-norm is sufficient. Therefore, no bounds of p in the L>(Qr) are necessary in this case.
The bound for the derivative of G yields the Lipschitz continuity in the following way: Let w,w be in
L2(0,T; L%°(2))™ or L>(Q7)™, and define 2 := G(u) — G(w) € W(0,T). Hence, z is a weak solution
of the inhomogeneous Fokker-Planck equation with drift u and r.h.s. fi%w,u — w]. Consequently
z = G'(u)(w — u), which is the reason (2.41) is called the linearized state equation. Thus, part a) proves
the Lipschitz continuity for controls on L?(0,T; L% (2))™ or L>=(Qr)™. We remark that the estimate
(2.45), where the difference |u — w| on the r.h.s. of the Lipschitz—estimate depends on the L*-norm,
turns out to be essential for the second—order analysis of the optimal control problem in the time—space
dependent case. This is only possible due to the L>*—bound of p.

Similarly, we show assertion c) and set z := G(u) — G(u¥) = G’ (u)v*, v* := u—u¥ for k € N. According
o0 (2.42), 2}, is uniformly bounded in W (0, T), and therefore, there exists some z € L2(0,T; H* (7)) and
¢ € L?(0,T; H*(Q)') such that for a subsequence

2 — 2z in L*(0,T; H (Qr)), 2 — 2z in L*(Qr), = ¢ in L*(0,T; HY(Q)). (2.46)

For convenience, we prove that 2 = (. Let ¢ € C°(]0,T[) and ¢ € H'(Q), and we interpret the
L?(0,T; HY(Q))-function z as L?(0,T; H'(2)")—function. On the one hand, we have by the weak conver-
gence in L2(0,T; H'(Q)’) that for a subsequence

/ ¢(t) <,é’k (t H’ dt — / (b H’ dt and (247)
0

T .
/ St (2 (8), ) dt — / S (), D) e dt as k — 0o, (2.48)
0

On the other hand, we have for k € N

T
/0 d)(t) <2k (t H’ dt = / (f) Zk dt ’(ﬂ / (;5 Zk >H/ dt; (249)

the fact that we can interchange the integral and the continuous function (-, %) g can be shown straight
forwardly by an approximation with simple functions. Since v € H'(Q) was arbitrary, this implies with
(2.47) and (2.48) that

/ p(H)C(t) dt = — / o(t)z(t)dt, in H'(Q)'. (2.50)

Finally, 2 = ¢ in L?(0,T; H'(Q)') follows from the fact that (2.50) holds for every test function ¢ €
c(10,71).

Now, we can show that fi%[u* v*] — 0 in L2(0,T; H(Q2)"), which yields z; — 0 in W(0,T) according
to Corollary 2.2.1. Recall the fact that for any dual 1 < p,q < co and reflexiv Banach space X, we have
that LP(0,7;X’) and L9(0,T; X)" are isometric isomorph. Hence, for ¢ € L2(0,T; H'(Q)), it holds that

/ finfu (p(t)) dt = Gub)(t, z) (W (t,2) " M(t,2)) - Vo(t, z) dt dx
Qr
ub) — G(u o® u o) -
S/QTG( ) = G(u)||M]| |V90|+/QTG( ) (Mv7) - Ve,

where we have omitted the (¢, z) argument in the second line. We start with the case u, u € U,q, where
the weak* convergence holds in L>(Qr)™. Since ||u* |« < C(1 + ||lu/|s) for all k € N due to the weak*

convergence, the first term can be estimated against

Cuuuw ||G(Uk) - G(U)H%%QT)||</7||%2(0,T;H1(Q))7
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and therefore converges to zero (for a subsequence) due to the compactness result from Lemma 2.4.2.
The second term converges to zero since v¥ —* 0 in (L'(Q7)™)" and G(u) VoM € L*(Qr)™.

The case for the weak H!(0,T)—convergence is done analogously, since this implies weak* convergence
in L°°(0,7T). In conclusion, we have shown that fi%[u* v*] — 0 in L2(0,T; H'(Q))' after extracting a
subsequence.

For part d), we apply Theorem 2.2.3 for
2 = G(u) — G(u), 20 =0, and r.hus. (G, ) = (f[u,v], ).
Consequently, the estimate (2.25) with g; = 0 and g = G(u*)M v* implies
IG(W") = Gu)ll L= (0r) < CUGW )M V*||Lagar) + 1G(u") = G(W)l|Lagar)) (2.51)

for all ¢ > 2+ d. Notice that we have already shown the strong convergence of G(u*) in W (0,T). Due
to Corollary 2.1.5, we have strong convergence in L7(Qr) for all n < 4/d + 2. Since d € {1,2} we can
conclude that both L7(Q7)-norms in (2.51) tend to zero, and therefore, G(u*) converges to G(u) in
L>(Qr) as desired.

Moreover, the above can be applied to any subsequence of the original sequence. Thus, every subsequence
of G(u*) has a sub-subsequence converging to the same limit G(u) since weak solutions to the inhomo-
geneous FP problem are unique. Consequently, in ¢) and d) we do not need a selection of a subsequence

after an application of Lemma 1.4.3. This concludes the proof. O

With the same techniques, we obtain the weak formulation of the second—order Fréchet derivative of G.
Let u € Uyg and vy, ve € L>(0,T)™. Then, the function w := G”(u)(v1,v2) € W(0,T) satisfies

(, ) i + Flul(w, ) = (f2, ) in L*(0,T; H'(2)), (2.52)
w(0) =0 a.e. on )

where for ¢ € HY(Q), t € [0,T], we define the r.h.s

(Fuadiy vy vg], W) g = —/Q (z1(t,2) va(t, ) T M(z) + 22(t, z) vl(t,x)TM(x)) -Vip(x) dz.

Due to Corollary 2.2.1 on inhomogeneous FP problems, we obtain analogous estimates for w in the
W(0,T)—norm as in Lemma 2.4.3 a), that is

[wll o 0.7:22(2)) + W]l 20,01 () + 10l 20,7301 ()) < CrCladll fI** [ty v1, 9] || L2 0,721 (02 -

Moreover, we obtain similar results for the Fréchet derivatives of G. Since these results are only used for
the numerical analysis of the Galerkin discretization presented in Chapter 5 and 7, we prove it only for

time—dependent controls.

Lemma 2.4.4. G’ and G" are compact in the following sense: If v € L?(0,T)™ and (u*)ren C UL, with
uf —=* u in L>=(0,T)™ as k — oo, then

G (WP — G (), G W) (v,v) = G (u)(v,v) in L°°(0,T; L*(Q)), ask — oo.

Furthermore, G' and G" are Lipschitz continuous, globally on U;’:i, in the sense that there exists a constant
C = CoaCr > 0 such that for all u,w € UL, v € L2(0,T)™

1G" (W) = G'(w)v]|err < Cllu—wl2]v]l2 (2.53)
IG” (u)(v,v) = G"(w)(v,v) [ L=r2 < Cllu — w2 v]l3. (2.54)
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Proof. First, we want to prove the compactness. Let p := G(u), pr = Gu*), zx := G'(u*)v and
z := G’'(u)v, and define §z := z — 2, 6p = p— py, 6u = u—uF. Notice that (zj)pen is uniformly bounded
in W(0,T), and therefore, it possesses a subsequence (denoted in the same way) which converges strongly
in L(

(2.37)

Q7). We refer to (2.46) for the proof of this assertion. Next, due to the bilinear structure of F, see
, it holds that

Flu](z,v) — }"[uk](zk,w) = Flu](dz,%) + (zx Mou, V) r2(q), % € H'(Q).

Furthermore, we have f[u,v] — fi[u* v] = (0p Mv,V+) 2oy in the L?(0,T; H'(Q)')-sense. Therefore,

0z solves the inhomogeneous problem a.e. on [0, 7]

Oz, ) + Flu](02,4) = (6p Mv — 25 MSu, V) 210y, ¥ € HY(Q),
02(0) =0 a.e. on Q.

For all ¢ € HY(Q), let us define
G() := (0p Mv — 21, Mdu, Vib) 2 (@)

on [0,T]. Then, G € L*(0,T; H'(Q2)'), and we can apply the estimate on inhomogeneous FP problems
from Corollary 2.2.1. Thus, we obtain the following bound

62]| oo 2 + |02|lw 0,7y < CaaCr |G L2(0, 1581 (20))- (2.55)

Next, we show that [|G|| 120,711 ()) tends to zero as k tends to infinity. First, recall that L*(0,T; H*(2)")
and L2(0,T; H'(Q))' are isometric isomorph. Next, we exploit the compactness of G to find that dp — 0
strongly in L°°(0,T; L*(€)). Thus, it holds for all p € L%(0,T; H'(Q2)) that

/Q op Ve Mudtde < ||6p|per2[0]|2 Mloo | Vel 1202) < Crlldpllzee ellvllzli@lpzm — 0
T

as k — oo. Let us consider the second term in G. Since du —* 0 in L°°(0,T)™, we observe that the

strong L2(Q27)-convergence of z; (for a subsequence) yields the convergence
/ 2, Vo Méudtdr — 0, ¢ L*(0,T; H ()
Qr

as k — oo for a subsequence. For the same subsequence, this implies the convergence of the r.h.s.
Gl 20,70 )y — 0,  as k — oo,

and therefore, G'(u*)v converges to G’(u)v in the desired norm for a subsequence. Since G'(u)v is the
unique solution, an application of Lemma 1.4.3 implies that the convergence of G’ (u*)v holds even without
selecting a subsequence, and we have proven the compactness of G’. Once this result is established, the
proof for the compactness of G” can be done analogously.

The proof for the Lipschitz continuity is done similarly, where obviously ©* has to be replaced by w in the
definitions from above. Thus, we arrive at the same estimate (2.55) for dz. Now, we exploit the Lipschitz

continuity of G and estimate ||0p||poor2 < CagCr|lu — wl|2, which implies

5V Mudtdr < CoaCrllu — wlaJolbllgllim, o € L2(0,T; (@),
Qr

Since ||z |lw(0,7) < CaaCr||v]|2, we observe that

/ 2k Vo M Sudtdr < CogCrllu — wl|z||v]l2]l@lL2m1, ¢ € L2(0,T; HY(Q)).
Qr
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Finally, combining both estimates for the two terms in G gives us the desired estimate

1G] L20,1;11 (2)) < CadCr|lu — wll2||v]|2.

This concludes the proof of the Lipschitz continuity of G’. Once the Lipschitz continuity of G’ is shown,

the desired Lipschitz estimate for G” can be proven completely analogously. O
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Ensemble optimal control problems governed by the

Fokker—Planck equation

FEinstein had, for the first time connected new and measurable
consequences to statistical physics. That might sound like a largely
technical achievement, but on the contrary, it represented the
triumph of a great principle: that much of the order we perceive in
nature belies an invisible underlying disorder and hence can be

understood only through the rules of randomness.

LEONARD MLODINOW in The Drunkard’s Walk: How Randomness
Rules Our Lives, 2008

In this chapter, we analyze the ensemble optimal problem that has been derived in Section 1.2. The

optimization problem under consideration, in its most general form, reads

min J(p,u) p subject to
ueU

Owp + Flu)(p,-) =0 in L*(0,T; H'(Q)),
p(0) =py a.e. on L3(Q),

where

Ty = [ Ridtalptt,a) dtda+ [ Tia)p(To) da+ (3.1)

and  R[u](t, ) := %|u(t,x)|2 +alt,z) - ult,z) + B(t, ). (3.2)

The bilinear form Flu)(-,-) can be found in (2.8). Using the control-to-state map and defining
J(u) := J(G(u),u) for all u from the admissible set U, the optimal control problem is reformulated
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as the minimization problem

min J(u). (3.3)
In this thesis, the main focus for U/ is put on box—constrained controls.
In the framework of ensemble control problems when multiplied with a density function, R[u] and T
are referred to as running cost and terminal cost, respectively. The third term in (3.1) is not subject to
averaging, and therefore, it does not belong to a typical formulation of an ensemble problem. However,
for the theoretical analysis of (3.3), it will be necessary in some cases to assume y2 > 0, as it will imply
very useful properties to solutions @ of (3.3). One property will be that such @ has higher regularity than
one expects, and hence, this parameter ~» is often referred to as regularization parameter. The parameter
~1 has a similar effect on solutions # under a strict positivity assumption on the PDF p and is referred
to as the quadratic cost term.

Throughout this chapter, we impose the following natural assumptions on these quantities:

(J1)
a € L¥Qr)™, BeL®Qr), TeL®Q)nHY(Q),

(J2)

71,72 = 0.

We denote with C; > 0 a generic constant that depends continuously on the quantities from (J1) in the
corresponding norms.
The choices for the set of admissible controls ¢ and the norm of the regularizing term Y that we consider

are the following:
(U1l) For time-space dependent controls, we recall
Yy = L*(Qp)™, Yo = L*(0,T; HY(Q)™, Yz = H"(Qp)™
and the set of admissible controls Ugd =U,aNYj for j € {1,2,3}.

(U2) For only time-dependent controls we have

Yr = L*(0,T)™ and Yy = H}(0,T)™,

min max
< u™m®

where the sets U,q and UL} from (2.35) for given —co < u < oo are as follows

Uoq = {u € L*®°(Qp)™ : W <y <M ae.on Qp, i=1,... ,m},

Ul = {uwerL=,17)™ u™ <y < U™ ace. on [0,7], i=1,...,m}.

The questions about problem (3.3) that we mainly investigate are existence of optimal controls, the well-
posedness of the adjoint problem, implicit equations and higher regularity for local minima, uniqueness,
and coercivity. Obviously, different settings for the set of admissible controls and regularizing norm will
result in different outcomes and properties of the problem. In the next section, we want to give an

overview on this.
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3.1 Main results — an overview

The minimum requirement for the analysis of any optimal control problem is — obviously — that solutions
exist, and therefore, we start with this issue. In a nutshell, the bottleneck to derive existence of optimal
controls for our ensemble optimal control problem are the following two criteria: The boundedness of J
from below in the sense that

inf J(u) > —oco
ueU

and the weak lower semi-continuity (w.l.s.c) of J on U, where U denotes one of the set of admissible
controls from above. More precisely, the w.l.s.c. of J follows if the control-to-state map is compact in
the sense that the set {G(u) | u € U} is relatively compact in L?(Q7). Therefore, the existence of optimal
controls depends on the choice of the admissible set U.
On the one hand, Lemma 2.4.3 gives us a criterion on U for the compactness of G. On the other hand,
finding a uniform lower bound of J is very troublesome due to the term « - uwG(u), even if we put
restrictions to the function «. Since the Fokker—Planck problem is a bilinear problem in (G(u),u), a
bound of ||G(u)||z2(q,) does, in general, depend non-linearly on u in an adequate norm. Therefore,
both terms a-u G(u) and 5 G(u), possibly tending to —oo, cannot be compensated by the quadratic term
y2||u||3-, and one cannot find a lower bound of J on U without the presence of box—constraints, in general.
It is possible to obtain existence of optimal controls with no box—constraints if v > 0 and a« =0, 8 > 0,
since this obviously implies that J is non—negative; notice that p is a PDF and therefore non—negative
a.e. on Q.
In conclusion, in the case of an ensemble optimal control problem, we can only prove existence of optimal
controls when box constraints are present, or when a lower box—constraint w™? > 0 is active with
additional assumption o, 5 > 0 on 7.
Let us mention that when considering any stronger regularizing norm, say Y = L2(0,T; H*(f)) where
s > d/2, one would still need box constraints for the existence of optimal controls for the same reasoning.
The embedding L>(£2) C H*(Q2) would yield sufficient compactness of G; however, it is in general not
possible to prove
inf J(u) > —oc.

weL?(0,T;H*(2))
Next, we consider the adjoint problem that will be derived in Section 3.3 below. The approach via the
adjoint will be our essential tool for a first— and second—order analysis of (3.3), and hence, existence
of sufficient regular solutions is necessary. The classical formulation of the adjoint problem for g with

corresponding control u reads

Og + L*q = —R[u] on Qr,
qT)y=T on Q,
Vg-n=0 on |0, T[ x09.

We remark that the PDF p = G(u) does not appear in the adjoint formulation, since J is affine linear in
.
In general, we are only able to prove that u € L2(0,T; L>(£)) implies the existence of distributional
solutions g merely in L2(0,T; H*(2))NL>(0,T; L?(Q)), whereas u € L>(Q7) is sufficient for the existence
of weak solutions ¢ € W (0, 7). In this case, any L?-local minimizer u satisfies the following variational
inequality

(Nt +a—=MVQ)p,v— 1)) +72(dv—u)y >0, vel,

where p and ¢ are the state and adjoint corresponding to the control w. This inequality is also referred

to as the optimality condition, and (@, p,q) is the optimality triplet.
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Let us illustrate how to obtain higher regularity from the optimality condition. We take v; = 0, v5 > 0

and U = U,q, Y = L?(Qr) as an example. Then, the variational inequality becomes
<(Q—qu)p—|—’)/2U,’U—U>L2(QT) 2 07 v € Uad7

which implies the implicit representation
u = % min {uma", max {umi“, (a — MVQ)[)}} a.e. on Q.

Assuming « and M are smooth, this implies that @ obtains (up to a certain degree) the regularity of Vg
and p. On the other hand, higher regularity of @ may yield higher regularity of p and qg. Consequently,
this bootstrap argument leads in some cases to higher regularity of the triplet (@,p,q). In conclusion,
investigating the adjoint problem, the first derivative of J, the optimality condition and deriving higher
regularity of optimal controls is mostly what is considered to be a first—order analysis of the optimization
problem (3.3).

The next step is a second—order analysis of this optimal control problem. Since the control-to—state map
is non—linear, the functional to be minimized J is non—convex. Therefore, a second—order analysis has to

be added to a first—order analysis to investigate the following questions:

e If a triplet (4, p, §) satisfies the optimality condition, under which further condition is @ a local and

strict minimum of J?
e Under what conditions are minimizers isolated, i.e., there are no critical points nearby?

e Are local minimizers u stable, in the sense that small changes of functions in J only lead to small

changes of u?

Furthermore, a second—order analysis for non—convex problems is essential for its numerical analysis.
For instance, the convergence analysis of numerical methods are usually based on second—order sufficient
optimality conditions. We will see that these questions can be answered by Theorem 1.3.5, and therefore,
it will be our main concern to prove that the reduced cost functional .J satisfies the conditions (C1) and
(C2).
From here on, regarding a second—order analysis with the theory presented in Section 1.3, we will restrict
ourselves further to the case U = U2, and regularizing norm Y = H'(Q27) with 75 > 0. More precisely, it
seems difficult to verify condition (C2) in a more general setting. Particularly, in order to prove (C2.2), it
seems necessary to consider controls with the additional H'-regularity and the choice of the regularizing
term || - ||y has to include these derivatives. Therefore, we want to apply Theorem 1.3.5 with the space
Uy = HY(Qr)™ instead of the canonical space Uy = L?(Q27)™.
Next, we give an overview for the case of only time-dependent controls u = wu(t). Obviously, this is
the easier problem in the sense that all the results from the time—space dependent case hold true in an
analogous setting for time—dependent controls. In some cases, we have additional freedom in the choice
of (U,Y) to obtain similar results for a first— and second—order analysis.
Firstly, notice that the quadratic cost term becomes obsolete in the case of only time-dependent controls,
since p is a PDF due to assumption (F3) and Corollary 2.1.4. Thus, it holds that
T

3| moreaarde =3 [ [ o= o,

and we may assume that «; = 0. The different settings for &/ and 5 that we consider, and in which the

existence of optimal controls is ensured, are the following
U=k if 5 > 0,
or U= H'0,T)™ or H}(0,T)™ if 72 > 0,
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and Y = L2(0,T)™ or H'(0,T)™
We obtain an analogous adjoint problem that has weak solutions in W (0,T) if

U=UL, H(0,T)™ or H}(0,T)™

For these admissible sets U, we obtain for any L?-local minimizer @ the following optimality condition
for the triplet (@, p, q)
(@lu],v —u)p2001)y +y2(t,v—u)y >0, vel,

where we define for ¢ € [0, T

D[u(t) := /Q (a(tw) - M(tw)ch(t,x))ﬁ(t,x) dx.

3.2 Existence of optimal controls

In this section, we prove existence of optimal controls of (3.3) under the different settings for (U,Y)
from (Ul) and (U2). A fundamental property to derive existence of minimizers is the weak lower semi-
continuity of J. This property follows, more or less, from the weak lower semi—continuity of .J (p,-) for
fixed p € W(0,T) in the second argument, and from the compactness of G. We recall that throughout
this chapter, the assumptions (F1)—(F3) and (J1)—(J2) hold.

Lemma 3.2.1. The reduced cost functional J:U = R is wls.c. for U = L*>®(Qr) in the case of time-
space dependent controls, or U = L°°(0,T)™, HL(0,T)™ or H}(0,T)™ in the case of only time—dependent
controls.

Proof. By the same reasoning as in the proof of Lemma 2.4.2; it is enough to consider the case U =
L>(Qr)™. Let (uF) C L>®(Q7)™ and u € L>®(Qr)™ with uF —* u in L>°(Qr). Let px := G(u¥) and
p := G(u). Recall that

J () :/ (1,22 + alt, ) - (1) + (1,2) ) pi(t, ) d
+ [ T@pu(T.a) da+ E

Let us go through the convergence of each term in J (u¥): For any choice of Y’
Y = L*(Qr), L*(0,T; Hy(2)) or H'(Qr)

we know that the Y-norm is w.ls.c., that is, |Ju||y < liminfy . |[|u”*|y. Next, we apply Lemma 2.4.3 c)
to derive that pr — p in W(0,T) strongly. For the linear terms, we obviously have

/T x)pr(T, z) de — / T(z)p(T,z)dz and B(t, x)pr(t,x) — B(t, x)p(t, z),

Qr Qr

due to the convergence in L°(0,T; L*(Q2)) and L (Q7). We can conclude the convergence of the bilinear

term after adding a mixed term, that is,

/OZ’(U’“pkaP):/ a'uk(pkfp)Jr/ a-(u* —u)p = 0.
Qr Qr Qrp

Lastly, the convergence
/ lu|*p < liminf/ |uk|2pk
QT k—oco QT

follows from an application of Lemma 1.4.1. For that purpose, we exploit the non—negativity of py and p,
the strong convergence p — p in L'(Qr) and the weak* convergence of u* in L>(Qr). This concludes
the proof. 0
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Theorem 3.2.2. (Ezistence of optimal controls)
Let the conditions (F'1)-(F3) and (J1)-(J2) hold. The optimal control problem

min J(u) (3.4)

possesses at least one solution @ for U from (U1) or (U2).

Proof. We only consider the case of time—space dependent controls, the case of only time-dependent
controls is shown analogously. The first step is to show that J is bounded from below on the set ¢. Due
to the box—constraints, every control v € U is bounded in the L*°(Qy)-norm by C,q > 0. This fact,
together with Theorem 2.1.3 b), implies that the set of corresponding states {G(u) | u € U} is bounded
in W(0,T). Consequently, we obtain the boundedness of J from below, that is, for every u € U it holds
that

J(u) :/Q (%\u(t,acﬂ2 +at,x) - u(t,z) + B(t,x))p(tw) dt dx

+ | T@w(T2) de + 3 ully
> — CpC Chq > —00.

Hence, there exists a minimizing sequence denoted by (u*) C U such that

k —inf
JW) =1 := ;Ielzf/‘lJ(U)

This sequence of minimizers converges (after extracting a subsequence) weakly* to some @ € U in
L>(Qr)™, and hence, Lemma 3.2.1 implies that
I < J(u) < liminf J(uF) = 1.
k—oc0

This implies that @ is a minimizer of J.
O

We can conclude this section by recalling the definition of a local minimizer of (3.4); compare this to
Definition 1.3.4.

Definition 3.2.3. (Local minimizers)
Let u € Uyq and let

|-y =1" ”Lz(QT)a |- HL2(O,T;H1(Q)) or || - ||H1(QT)-
We say that @ is a Y -local solution of (1.22) or a local minimizer of J in'Y (or w.r.t. the Y -norm),
if there exists some € > 0 such that J(u) < J(u) holds for all w € Uyg N Bo(w;Y). If J(a) < J(u)
holds for this set with u # @, we say that U is a strict minimizer in'Y and locally unique in'Y (or w.r.t.

the Y -norm). If we state that @ is a local minimizer, this means that it is a local minimizer w.r.t. the
L (Qr)—norm.

Obviously, we have an analogous definition for only time-dependent controls. Notice that the following
implications hold: If % is a L?(Q27)-local solution, then it is a local solution, and if @ is a L2(0,T; H(Qr))-
local solution, then it is a H*(Q27)-local solution.
Furthermore, every Y—local solution @ is characterized by the following first—order necessary optimality
condition

J(@)(u—1u)>0, uwelgnY.

It turns out that J’ (@) can be represented in a very useful way by the following adjoint problem that is

discussed next.
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3.3 The adjoint problem

In order to motivate the need of an adjoint problem, let us calculate the Fréchet derivative of J. Let
Uu,y) = (U,jd, Y;) for j = 1,2,3 denote the set of admissible controls with corresponding regularizing
norm | - ||y, where we focus only on time-space dependent controls. By an application of the chain rule
for J(-) = J(G(-),-), we obtain for any u,v € U with p := G(u) and z := G’ (u)v the following equation

J'(u)v:/ p(mu+a)-vdtde + R[u]zdtdw—l—/Tz(T)dx+72<u,v>y.
Qr Q

Qr

First, we see that the terms are well-defined for v € Y. Furthermore, excluding the last term for the
moment, v — J’ (u)v is a linear and bounded mapping on L?(Q7)™, and consequently there has to exist
some function ® € L2(Qp) such that J'(#) = ®[a] + Y2 in the sense that

J' (@ = (®[a], v) L2y +72(@v)y, veEU.

Obviously, such a representation allows us to obtain an implicit formula for @, and it is our goal to
determine the function ®. For that purpose, we will rewrite the terms fQT Ru)z and fQ T 2(T) by using
the adjoint state g, defined next.

Definition 3.3.1. For any control u € L>(Qr)™, we say that ¢ € W(0,T) is the weak solution of the
adjoint problem, or q is the adjoint, if f.a.e. t € [0,T] and for all v» € H*(Y) it holds that

—(q(@), ) + Felul (v, q(1)) = (Rul(t), ¥} 120, (3.5)
qT)=T, ace. onf. (3.6)

We recall that the assumptions (F1)-(F3) and (J1)-(J2) hold, and the adjoint of the FP operator, see
(2.5), reads

d d
Fam 3 ayna s 3o
ij=1 =1

The classical formulation for the adjoint problem is the following backward problem

—0iq — L*q = R[u] on Qr,
q)=T on €,
Vg-7n=0 on 10, T x09.

Theorem 3.3.2.  a) For everyu € L>®(Qr)™, there exists a unique solution ¢ € W(0,T) of (3.5)—(3.6),

and it satisfies the estimate
lallw o) < CrCu(lITll2 + 1R[]l 20,11 (0))) < CrCLCy, (3.7)
where Cy, > 0 depends continuously on ||ul|p(q.). The mapping
O: L>*(Qr)™ - W(0,T), u+— 0(u)=gq
is well-defined and referred to as control-to—adjoint map.

b) If additionally (F5)-(F7) holds, then q is bounded in L*(0,T; H*(Q2)) N H*(0,T; L*(0,T)) by a
constant C = CoqCr,.C;C,

lall 220,512 () + llall a0, 7:22(0)) < C. (3.8)
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c) If d € {1,2} additionally to b), then q is also essentially bounded and there exists a constant
C = CyqCr+C;C, such that
qllL~ @) < C,
where Cy, depends continuously only on ||t -

Proof. The existence of weak solutions in W(0,T) follows similarly as the a priori estimates for the
Fokker—Planck problem after the time transformation ¢ — T — ¢; notice that we have for the r.h.s.

T
7
Rl rman < [ | 200F +a)-w)+ 50, | di<cacu,

This proves part a). Next, we see that T is from H!(Q) and f :=b-Vq € L*(Qr) +Ru] € L?(Qr). After

the time transformation ¢t +— a(T — t), we can bring the adjoint equation into the form of 9, — Ag = %f,

2
L3(Q)

and hence, the adjoint problem has the form from Theorem 2.3.5 on maximal LP-regularity of parabolic
problems. This yields the higher regularity ¢ € L2(0,T; H*(Q)) N H'(0,T; L*(0,T)) which proves the
claim b). Next, with this improved regularity, we may deduce essential boundedness with an application
of Theorem 2.2.4. For that purpose we observe that Vg € W (0,T)%, and now Corollary 2.1.5 implies that
Vg € L2 4(Qp)4, O

Under the additional regularity assumptions (F5)—(F7), we can prove (global) Lipschitz continuity for
the control-to—adjoint map on the set of admissible controls Uan; an analogous assertion can be shown
for U3,.

Lemma 3.3.3. (Lipschitz continuity of ©y2 for d € {1,2})
Let uy,uz € Uaa N L2(0,T; HY(Q)) and let (F1)-(F3), (F5)-(F7) and (J1)-(J2) hold. Let d € {1,2}.
Then, the following estimate holds

1©(u1) — O(uz)|lwo,r) < CruCiCaallur — uzllL2(0,7;m1 (2))-

Proof. For ¢ := O(uy), g2 := O(us2), define du := u; —us and dq := g1 — g2. A quick computation shows
that dg € W(0,T) solves the following inhomogeneous parabolic problem

(0:0q, Y = Flui](-,dq) = F[ou] in L*(0,T; H*(Q)'),
0¢(T) =0 a.e. on ,

where the r.h.s. is defined f.a.e. ¢t € [0,7] as
Fy[su](¥) == ((Vaa(t) "M (t) + %(Ul +us) + at) )out), ¥) 2y, ¥ € HY(Q).
Hence, in view of Theorem 3.3.2, the following estimate holds
16qllw 0,1y < CrCUIFulll L2011 (2))»

where C; > 0 depends continuously only on [|ui]/p=(s). The critical term in F[du] is Vg M duv
since Vga(t,-) is in general not in L>°(2). We partially integrate and use that ¢ fulfills zero Neumann

boundary conditions to obtain
/ Vao(t,x) " M(t, 2)du(t, 2)¢(z) do = —/ g2(t,z) div (M (t, z) Su(t, z) ¢(x)) dz. (3.9)
Q Q
Consequently, we can estimate

[ [l 20,71 () <N0ullz it (g2l oo ) [ M ]| Lo e

71
+ loullz2ery (G llus + el or) + ol =ar) ) -
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Since uy, us € Uyaq, we can estimate [|uy + uz| < (q,) against a constant C,q. Due to the estimate (3.8),
we can bound ¢ in the L>-norm. The values || M||pooy 1.0 and ||| (. are contained in the constants

Cr. and Cj, and obviously ||dul[z2(a,)) < [[0ulf2g1. Thus, we obtain
| F[u]llz20,7; 51 (0)) <I0ull 22 1 CaaCrx,
which concludes the proof. O

It can be seen in (3.9) that in the case of only time dependent controls a bound of gz in the L>(0,T'; L?(2))
norm is sufficient (instead of the L>°(£2r) norm.

We continue with our plan to rewrite the terms fQT Rlulz, [T z(T) from J'(u)v in terms of the adjoint
state g. For that purpose, recall that z := G’ (u)v for u,v € L (Qp)™ solves

24 Flu)(z,-) = f"[u,v)], in L2(0, T; H(R)")
z(0) =0, a.e. on €,

where the r.h.s. of the linearized equation is for t € [0, T
0 [y, 0] () = — /Q Gu)(t,x) (M(t,2)v(t,x)) - Vep(z)de, € HY(Q).

Comparing this to the weak formulation of the adjoint (3.5), the connection becomes clear. We have

MWMM@@ﬁM+AT@Aﬂ@m=AjPWMMMﬁ, (3.10)

Qr

which follows by testing the weak formulations of z and ¢, with the H'(Q)-functions ¢(¢) and z(t). We
remark that, due to the regularity z,q € W(0,T), it holds that

/OT<q'(t)7Z(t)>Hf dt = — /OT((J(t)vz'(t»Hf dt + z(T)q(T).
In conclusion, the sought function @[] is obtained from f1"[u, v] and we have proven the following lemma.
Lemma 3.3.4. For u € L>(Qr)™, we define the vector—valued function
Dlu] ;== (mu+a—MVq)p on Qp, (3.11)

where p = G(u) is the state and ¢ = ©(u) the adjoint. Then, ® € L*(Qr) and the Fréchet derivative of

J atu is given by

J' (u)v :/ Olu] - vdtdr + v (u,v)y, veU. (3.12)
Qr

When we write J'(u) = ®[u] + v2u in the following, we obviously mean it in the sense of (3.12). This

fundamental representation allows a detailed first—order analysis.

3.4 Characterization of minimizers — first—order analysis

It is the aim of this section to derive an implicit formula, and prove further regularity properties of local

minimizers. Throughout this section, @ denotes a Y;-local solution of

min J(u).
uell,
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For such @, the following first—order necessary condition (FONC) holds

/ ®[a] - (v —a)dtde + v (i,v — @)y >0, ve Ul (3.13)
Qr

“

We say that there are inactive constraints if “>” can be replaced by “=” in (3.13). The following repre-

sentations of u are a direct consequence of this variational inequality; for that purpose recall that
Y, = L*(Q7), Yo=L*0,T;H} (), Yz=H"(Qr)
and the admissible sets Ugd =U,aNYj for j € {1,2,3}.

Corollary 3.4.1. (The case (U}, Y1))
Let 4 € Uyq be a L*(Q7)™~local solution.

a) Foralli=1,...,m and a.e. (t,x) € Qp, it holds that
O;[u](t, z) + youi;(t,r) >0 = u;(t,z) = u™n,

(I)l[a](t’x) + ’Y?ai(tv‘r) <0 = ’L_LZ(t,ZU) = um,
u™it < g (¢ ) < umax = ®;[ul(t,x) + y2u(t,z) = 0.

In particular, if v > 0 we have the following implicit representation

a(t, ) = min {ux max {—1<I>[u] (t, ), u}} . (3.14)

V2
b) In the case of inactive constraints, the following implicit equation holds

Yt =—(nma+a—MVq)p, ae on Qr.

¢) Letvo =0 and vy, > 0. In the case of inactive constraints, and if p is positive a.e. on Qr, we obtain
the feedback—like control law

mMme=a—MVG, ae on Qp. (3.15)

Proof. Since u € U}, is a U'-local solution, each component of the FONC reads
(@i[a] + y2ui, vi — Uiy p2(p) =0, v E Ul

Thus, we can apply Lemma 1.4.6 with f := ®;[u] + y21; € L*(Qr) and the first claim follows. If o > 0,
the equation ®[u] + 2% = 0 can be solved for 4, and we obtain (3.14). Part b) follows trivially by our
definition of inactive constraints, that is, u™" < @;(¢,z) < u™**. Now if p is positive, we can divide this

implicit equation by p and the claim of part ¢) follows. O

Notice that in part c), @ is independent of the distribution p or initial state pg and depends only on
functions given by the objective J. This is due to the fact that plugging the formula for % into the adjoint
problem, we arrive at the following non—linear backward problem for ¢

O+ L*qg=—R[a — MVq| on Qr,

qT)=T on 2,
Vg-n=0 on |0,T[ %09,
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where the r.h.s. reads
R[Oé - qu] = %|a(t,x) - qu|2 + a(ta (E) ’ (a(tvx) - M(tvx)Vq(tvx)) + B(tvx)

Therefore, solving this non-linear problem for ¢ and calculating the optimal control via (3.15) yields a
robust, feedback-like control mechanism in the sense that possible perturbations of p(t,-) or po(-) do not
result in (possibly) suboptimal controls.

A similar min max-representation for optimal controls in the Y5 or Y3 case cannot be expected to hold,
since derivatives of the optimal control appear in the FONC. However, if no box constraints are present
and @ € L*(0,T; Hi(€2)), boundary conditions on the control are implemented, and in that case, @ is

connected to an elliptic Dirichlet problem.

Corollary 3.4.2. (The case L?(0,T; H}(Q)))

Let v > 0, d € {1,2,3} and let u € L*(0,T; H} ()™ N L=(Qr)™ be a Ya-local solution of the mini-
mization problem min{.J(u) | w € L*(0,T; HX(Q))}. Then, @ has the higher regularity L*(0,T; H?(2))™
and solves the elliptic problem

—Au;(t,z) + u(t,x) = —iCI%-[ﬂ](t,;zc)7 fae (t,x)eQp, i=1,...,m
72

and f.a.e. t € [0,T], u(t,) =0 a.e. on O

We remark that we make no statement on the existence of such minimizer @ in general.

Proof. Let i € {1,...,m}. Since u; € L>(Qr) N L?(0,T; H}(£2)), it holds that p := G(u),q := O(u) €
W(0,T). By an application of Lemma 3.3.4, we can rewrite the the FONC for the Y5 case as follows

/ (B[] +yot;) -vdtdr +v2 | Vi -vdtde =0, v € L*(0,T;Hy(Q)).
Qr Qr

Now notice that if v! € L?(0,T), v € H}(Q), then the product v'v? is in L?(0,T; Hi(£2)). Therefore,
this variational equation can be rewritten as follows

T
/ (/ (®;[a] + yoi;) - v? da —|—'yz/ Vi, - Vo? dx) vldt =0, o'e L*0,T), v* € H}(Q).
0 Q Q

Consequently, an application of the fundamental lemma of the calculus of variations on [0, T'] implies that
fae te€[0,T)

/ (@] (8) + 121 (2) - v dz + 72 / V() - v de =0, o* € HAQ).
Q Q

Hence, u(t) € H() is a weak solution to the elliptic equation —Au(t,-) + u(t,-) = —1/v2®;[u](t,-) on
Q. Let p= G(u) € and g = O(a). Since p € L=(0,T), Vg € L*(Qr) and ®[u] = (716 + o — MVq)p a.e.
on Qr, it holds that ®;[u](¢,-) € L?(2). An application of the regularity result for elliptic problems, see
Lemma 1.4.5, yields the claim. O

In the case of box—constrained controls from Y3 = H!(r), we cannot expect to deduce an implicit
representation for minimizers from the FONC given by (3.13), and hence we perform a second—order

analysis for this case in the next section.
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3.5 Local uniqueness and coercivity — second—order analysis

We start this section by computing the second—order derivatives of the control-to—state map G from
Definition 2.4.1 and the reduced cost functional J from (3.1).
Recall from Section 2.4 that z = G’ (u)v for u,v € L®(Qr)™ solves the linearized equation
i+ Flul(z,) = fu,v], in L2(0,T; H*(Q)')
z(0) =0, a.e. on €.

with r.h.s. for ¢ € [0,T] and p := G(u)
1w, v)(9) = — /Qp(tw) (M(t, x)v(t,2)) - Vip(z) do, o € H' ().

We differentiate both equations with respect to u in directions vy, ve € L% (Q7)™ and obtain the following
problem for determining the second-order derivative w := G” (u)(v1,v2) € W(0,T)
w4 Flu)(w, ) = f99%4[u, vy, vg], in L2(0,T; H'(Q)')
w(0) =0, a.e. on €,

where for z; := G'(u)v; for i = 1,2 the right-hand side reads for ¢t € [0, 7] and v € H'(2)

auad iy, oy, v9) (1) 1= — /Q (z1(t, ) M (t, 2)va(t, @) + 22(t, &) M (¢, z)v1(t, @) - V() da.

We remark that G” (u)(vi, ve) = G”(u)(v2,v1) and if v = vy = vq, we simply write f4u8d[y, v].

By an application of the chain rule, we can compute the second—order derivative of the reduced cost
functional. We have for u,v1,vy € U,g, for j = 1,2,3, and p := G(u),21 := G'(u)vy, 22 := G (u)va,
w:=G"(u)(v1,v2)

I w)or2) = [

Qr

+ / Tw(T) + el
A _

puy - vy dt dx + / (riu+ @) - (zov1 + z1v2) dt dx + Ru|w dt dz
QT QT

Analogously to Lemma 3.3.4, we can express J” (@) (v, v) via the adjoint ¢ := ©(u) due to

T
Ru]w dt dz + / Tw(T)dt = / famadry, w](q(t)) dt = —2/ zMv - Vqdzx dt.
Qr Q 0 Qr
The main part of this section is to derive the second—order properties of J which have been discussed in
Section 1.3. More precisely, we want to apply a theorem like Theorem 1.3.5, and for that purpose, let us
discuss our possible choices of Us and Ug,.
We start the discussion with the case of a L? regularizing norm, i.e., the case Y1 = L?*(Q7)™. We want
to point out why it does not seem to be possible to apply Theorem 1.3.5 in that setting. The first and
canonical choice is Uy, = L*(Q7)™ or Uy, = Uy = L*(Qr)™. According to assumption (A1), we need
to be able to extend J” (u) for some u € U,q to a continuous bilinear mapping defined on Uy x Uy. We

will see that in this case, this is in general not possible by considering the term

T
| sl =2 [ oo
0 r

Notice that z := G'(u)v,q € W(0,T), v € L*(Q7)™ and M € L°(Q7). In order for the integral to be
finite, z or Vq need to have higher regularity, but this does, to the best of our knowledge, not hold in
general in our setting. We remark that this issue is different in the case of only time-dependent controls.
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Since Vq € L?(Qr), the integral exists if z € L> () and Theorem 2.2.3 reveals under which conditions
this is the case. The r.h.s. fi"[u, v] of the equation for z contains the term v which corresponds — more
or less — to the function gy in Theorem 2.2.3. Therefore, we obtain z € L>®(Qr) if v € LT 4(Qr) where
d denotes the dimension of 2. This is the reason to consider Sobolev spaces as control spaces and use
the continuous embedding to higher Lebesgue spaces. Thus, we focus in this section on the third case,
where Ugd is space for the controls and Yz = H'(Q7) is the norm for the regularizing term. Due to the
continuous embeddings (2.22), we obtain that for the dimensions d € {1,2}, any function v € H'(Q7) is
also in L*>*%/4(Qp). We summarize this and further results in the following lemma.

We repeat that throughout this section, we assume d = dim(f2) € {1, 2}.

Lemma 3.5.1. Let u € L N HY(Q7)™ and vy,v2 € HY(Qr)™. Then it holds that
a) z; =G (u)v; € L=®(Qr) fori=1,2;
b) w:=G"(u)(v1,v2) € L>(Qr);
¢) the second-order derivative J"(u)(vy,vs) exists and there exist continuous extensions such that

J'(u) € Lin(HY(Q7)™)  and J"(u) € Bilin(H Q7)™ x H(Qr)™).

Proof. From the discussion above, it is clear that v; € H(Q7)™ implies 2; € L>°(Qr). Similarly, we

obtain essential bounds for w by considering the r.h.s. of the governing equation

F Y, w1, 0] (1) = —/Q(Z1Mvz+22Mv1)-Vz/Jd:c e HY(Q).

We want to apply Theorem 2.2.3, and since v; € H'(Qr), z; € L>=(Qr), i = 1,2, we obtain that
g1 = O, go = ZlM'UQ + ZQM’U1 S L2+4/d(QT).

Since p,zi,w € L>®(Qp) N W(0,T), all the terms of J'(u)v; and J”(u)(vi,vy) are well-defined and

(bi)linear in vy and (v1, v2), respectively. This concludes the proof. O

Next, we need to verify that condition (C2) holds for J. For that purpose, we need to establish the
Lipschitz continuity of G’ and G” . This is done similarly to Lemma 2.4.3, based on the fact that z; — 2o
or wi — ws solves again an inhomogeneous Fokker—Planck equation with some right—hand side. Then,
according to Corollary 2.2.1 and Theorem 2.2.3, the Lipschitz continuity follows from the convergence to

zero of the right—hand side.

Lemma 3.5.2. (Lipschitz continuity)

Let uy,uz € Upg N HY(Qr)™ and v € HY(Qr)™. Define the W(0,T) N L (Q)—functions
21 =G (u)v,  29:= G (u2)v, wy:=G"(u1)(v,v), wq:=G"(uz)(v,v).

Then, it holds that

121 = 22llwo,1) < CrCaallvlla @ llur — uzllz2(r),
121 = 2]l 20 (7) < CrCaallvllm (r) lur — vzl g,
Jwy = wallw(o,ry < CrCadllvll qpllur — w2l 0,
[wr = wal| L) < CrCaallvlln g lur — w2l @r),
where Cag > 0 is a constant that depends continuously only on the box constraints [u™™| and |u™x|.
Furthermore, J' and J" are Lipschitz continuous in the sense that
T (ur)v — J' (u2)v| < CyCrCaallvll (e lur — w2l @)

17 () (0, 0) = I (uz) (0,0)] < CoCrCual o sams ts — sl a3 -
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Proof. Define §z := z; — z9 € W(0,T), and observe that dz solves the inhomogeneous Fokker—Planck

equation with control u; and r.h.s. f};i“, that is,
010z + Flu](0z,-) = fi™ in L?(0,T; H (Q'))

where we define on [0, 7] for 1 € H ()
7 w) = £ o)) = PPz, ol() + [ 2 M = ) Vido

According to Corollary 2.2.1, we need to bound fi* in L2(0,T; H(2)’) for the W (0, T')-estimate. Almost

everywhere on [0, 7], we obtain the following estimate, where p; := G(u1), p2 := G(u2).

2 < [ o100 = pad1)- 90l do+ [ 22M (= ) - V9] da
Q Q
< M1V ll2 (o1 = p2loollvllz + 122l ocllur = usll2).

Since we have the estimates [[p1 — p2|lp~(,) < CrCiCallur — ual/r2(,) by Lemma 2.4.3 d) and
|22l Lo () < CrCol|v||a1 (o) by Lemma 3.5.1, where C; > 0 depends continuously only on ||u;| £ ;)
for i € {1,2}, we deduce that

||f§in(¢)HLQ(O,T;H‘(Q)’) < CrC1Ca|lv]| v amllur — uallL2(op)-

This gives, according to Corollary 2.2.1, the Lipschitz bound in the W(0,T)-norm. The L>°-estimate is
obtained with Theorem 2.2.3 if we bound the term go := (p; — p2)Mv + 20 M (u1; — ug) of the r.h.s, i.e.
Hn(y) = fQ g2 - V1, in the LY(Qr)—norm for ¢ = d + 2 as follows

g2l zar) = I(p1 — p2)Mv + 22 M (u1 — u2)||La(ar)

< CF(HPl = pallzee @) [Vl La(r) + 122l oo (@ [lua — U2HL<1(QT))~

The claim follows from the continuous embedding from H'(Q7) into L4(Qr).

Once we have established the Lipschitz continuity for G’ in the W(0,T") and L*°(Qr)-norm, the same
procedure can be done with dw :=w; —we € W(0,T) in order to obtain the Lipschitz estimates for G”.
For any ¢ € H*() and a.e. on [0,7], we find that

(0r(0w), ¥) g +F[ur] (0w, 1)
= f9 9y, 01] (1) — FI [ug, v2] () +/ waM (uy — uz) - Vipdw =: f**4 (),

Q

quad

where f§"* € L%(0,T; H'(Q2)') can be bound analogously to fi™ from above. Thus, we have shown the
first claim. This immediately yields the Lipschitz continuity of J’ and J”; we will only prove it for the

latter case. We have

17" (u1) (v, 0) = J” (u2) (v, 0)| = "Yl/ (p1 — pa)|v[*dt dz + 2/ (w1 + @)z — (Mug + a)22) - vdtde

T Qp
+ / (Rlurwr — Rlug]ws) dt dz + / (Tw(T) - TwQ(T))‘
Qr Q
<nlpr = P2l @Il 220
+ 2(||04||L°o(szT)||Zl — 22| Lo (ap) T 7 llur21 — U222||L2(52T)) vl 22(0z)

+ R[]l (p) lwr — w2 Lo () + [[wall Lo (p) [R[u1] = Rluz]|l L1 (1)
+ 1Tl 22 @) lwi(T) — wa (1) L2 -
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In order to treat the bilinear term, we just observe that
[urz1 — u222|[22(07) < llwillzze 21 — 22l (@r) + 122l Lo (@) w1 — w2l z2(0y)
and estimate ||z1 — 22| (,) < Cllur — ua|| g1 (). This concludes the proof. O
Next, we can verify condition (C2) in order to apply Theorem 1.3.6. The choice for the spaces are
Uy =Uy = H'Qp)™, A=L>*nH (Qp)™,
and Ua3d is the set of admissible controls.
Lemma 3.5.3. The reduced objective J fulfills condition (C2).

Proof. First, we notice that due to the Lipschitz continuity it is enough to verify (C2) for a fixed control
u instead of a sequence (u*) as in Theorem 1.3.5. Thus, let u € L N HY(Qr)™ and (v¥)reny C HY (Q7)™
with v¥ — v weakly in H!(Q7)™.

Condition (C2.1), that is

J'(u)of = / ®fu] - v* dt dz + 2 (u, V") g ap) — J'(uww, k— oo,
Qr

follows immediately from the representation given in Lemma 3.12, since ®[u] € L?(Q7)™, u € HY(Qr)™
and due to the weak convergence of (v¥).
Next let z; := G'(u)v* and consider the second-order derivative of .J

)0k oh) =y, /

Qp

p\vk|2dtdm+2/

(y1u + )z, - " dt do — 2/ 2k (MoF) - Vgdz dt + o ||0F |3, .
Qp

Qr

For the first term, the weak convergence v¥ — v in L?(Q7)™ is sufficient. This can be seen by an
application of Lemma 1.4.1 with p € L (Q27); we therefore obtain

’yl/ p|v|2dtda:§liminf’yl/ p |[v*|? dt da. (3.16)
Qr k—o0 Qr

In view of the second—term, notice that z;, — z = G’(u)v strongly in L?(Qr) and (yiu+ ) € L (Q7)™.

Hence, the weak convergence of v¥ — v in L?(Qr) is again sufficient to deduce

lim (V1w + a)zy, - vF dt do = / (miu+ a)z - vdtde.

k—o0 Qr Qr

The third term is obviously the critical one. Since (Vq) M € L?(Qr)™ and v* — v in H(Q7)™, we
need at least that zp — z in L"(Qr), where the exponent r satisfies 1/r 4+ 1/¢ + 1/2 = 1 and ¢ satisfies
HY(Qr) C LY(Qr). Since we assume the dimension of Q to be in {1,2}, we can simply choose 7 = oo
and apply Lemma 2.4.2. This yields
lim Vg Mo* dz dt = / 2Vq Muvdzdt.
T Qrp

k—o0 Q

Lastly for the fourth term, we exploit the weak lower semicontinuity to obtain
k(2 o 2
Y2l o opy < 1II€H_1)£f72HU||H1(QT)'

Therefore, we have verified the conditions (C1)—(C2.2) for our optimal control problem in the H*(Qr)™—
setting. In order for condition (C2.3) to be satisfied, it appears that o must be positive (but may be
arbitrarily small). In that case, we have v¥ — 0 in H'(Q7)™ and therefore z;, — 0 in L>(Q7). Due to
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the Lipschitz continuity of J" , we are again allowed to consider the stationary sequence u for the controls
in (C2.3). Applying the estimate (3.16), we obtain for A := 9

. k12 . T k .k
Ahkrgg.}fﬂv 71 (27 Shkrggfj (u)(v®,v").

This concludes the proof. O

Now we can state the main result on the second—order analysis of the optimal control problem. For that

purpose, let @ be a local minimizer of

urél[ljgd J(u), (3.17)
and recall for 7 > 0 the sets
Sz ={Mu—1a): A>0and ue U}, (cone of feasible directions)
Ca= :HI(QT)"L Nn{ve H' (Qr)™ : J'(a)v =0}, (critical cone)
El = {v c ST—LHI(QT)M : \j’(ﬂ)v| < T|U||2} (extended cone).

Furthermore, we repeat that the assumptions (J1)—(J2) on J, defined in (3.1), are given in the beginning
of this chapter. The assumptions of (F1)-(F3) on the Fokker-Planck problem, see Definition 2.1.1, is
formulated at the beginning of Chapter 2. The sets of admissible controls under consideration are defined
in (2.35) and in the beginning of Section 2.4.

Theorem 3.5.4. (Main result on second—order sufficient conditions)
Let (F1)-(F3) and (J1)-(J2) hold. Let @ satisfy (Al) and (A2) from Theorem 1.5.6. Then, there exists
g,0,v, 7 > 0 such that the following holds.

a) For alluw € U3, N B(u; H (Qr)™), it holds that
s o .
J(u) + 5”“ =l < J ().

b) For all critical points u* € Uaq N Be(i; HY(Qr)™), it holds that

u=u".

¢) For all u € Uyq N Be(u; HY(Q7)™) and all v € ET

u’

it holds that
J" () (v, 0) > 2| Jo]|?
V)= 5 IVlE Q)

Proof. We only have to combine our previous results in order to prove the claim: Let us consider Theorem
1.3.6 and choose
UQZUOO:Hl(QT)m, A:LooﬂHl(QT)m.

Hence, (C1) and (C2) are fulfilled according to Lemma 3.5.1 and 3.5.3. Consequently, we may apply
Theorem 1.3.6 which concludes the proof. O
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Fokker—Planck optimal control problems of tracking

type

Classification of mathematical problems as linear and non—linear is

like classification of the Universe as bananas and non—bananas.

Source unknown

This chapter is devoted to a first— and second—order analysis of a Fokker—Planck optimal control problem

i T (7. ) (1)
3tp+]'—[u](]37‘) =0 in L2(0>T; Hl(Q)I)v (42)
p(0) =po in L*(), (4.3)

where the cost functional is of tracking type

B o gl
J(p,u) = §||p —pd”%%m) + §HP(T) —PT||2L2(Q) + §||U||%f~ (4.4)
We assume the diffusion a > 0 to be constant, and we recall the bilinear flux—operator
Fi: HY(Q) x HY(Q) - R fae. t€]0,T],
Filp.) = [ (a¥pla) - Vola) = ple) Blul(t.2) - Vi(a) do.

We focus only on time-dependent controls from the spaces L?(0,7)™ and from H}(0,T)™. For this

chapter, we consider the following two box—constrained sets

UL and ULT .= UL nHLO,T)™.

a

Furthermore, in this setting, the optimal control problem (4.1) is also well-posed in the absence of box
constraints, and therefore, the possible choices of the set of admissible controls ¢, and regularizing norms
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are
ue {H0,1)" UL, UG} and |-l = -fl2 or || - -

In a tracking type formulation of the objective, the aim is to drive the PDF p to a desired distribution p®
defined on Q1 with terminal distribution p” defined on Q. Another application of problem 4.1-4.4 stems
from the field of inverse problems. In this setting, it is the aim to find (or identify) the drift (or parts of
the drift) knowing p? and p” from measurements. The weights «, 3 are assumed to be non-negative, and
the regularizing term + is assumed to be positive. We impose the following regularity conditions on J

pl e HX(Qr), pT e H*(Q). (J1)

For most results, L% regularity of p¢ and p” would be sufficient, however, for the second-order analysis
and for sufficient accuracy rates of the Galerkin discretization presented in the following chapters, the
higher regularity (J1) is necessary. We denote with C; > 0 a constant that depends continuously on
o, B, |p% 2(q) and [|p”||g2(q). We remark that Cp and Cpx are constants that depend continuously
on the quantities given in (F1)—(F3) and (F1)—(F7), respectively, and refer the reader to Chapter 2. We
recall the box—constraint constant Cpq > 0 depending continuously only on [u™m|, |[u™?¥|. It is the aim
of this chapter to show the existence of optimal controls, derive the optimality system and analyze the
adjoint problem. Furthermore, we derive an implicit representation of local minimizer and show higher
regularity of optimal controls and the corresponding states. Then, we show second—order results by an
application of Theorem 1.3.6.

We remark that an analogous first— and second—order analysis of the control problem with a tracking
type objective can be performed for time—space dependent controls with the techniques from the previous
chapter. The main difficulties are more or less the same, and most proofs can be done analogously.
However, we prefer to keep this chapter clear and compact, and thus, we focus only on time-dependent
controls. Further, we have chosen to split this chapter in a section of results and a section of proofs for
a better overview and due to the fact that some results have already been established in [5].

4.1 Main results

Throughout this chapter, the assumptions (F1)—(F7) hold for the FP problem, given in the beginning of
Chapter 2. The spatial domain 2 is convex and is polygonal or has sufficiently smooth boundary and
may have arbitrary dimension d € N. We assume that M, ¢ are only space-dependent, hence the drift is
of the form

Blu)(t,z) = M (x)u(t) + c(z), (t,z) € Q.

This ansatz can be seen as an m—dimensional approximation to a time-space dependent control mecha-
nism, where the space dependency is chosen a—priori with M and ¢, and the m—dimensional control u is

a regulating function. The classical Fokker—Planck equation for p with a constant diffusion a > 0 reads
Osp — alAp + div (B[u]p) =0 on ]0,T[x
with flux—zero boundary conditions
(aVp — Blulp) -7 =0 on ]0,T[x0N.

In Section 2.1 and 2.3, we have shown that the control-to—state map G, under the assumptions from

above, satisfies

G:L*(0, 7)™ — W(0,T) and G:L>(0,T)™ — H'(0,T;L*(Q)) N L*(0,T; H*(2)).



4.1 Main results 73

Due to Lemma 2.3.2, it holds that G : L*>(0,T)™ — C([0, T]; L*(Q)) is compact. The Fréchet differentia-
bility of G on L>°(0,T)™ has been established in Section 2.4. Recall that z := G’ (u)v and w := G” (u) (v, v)
are solutions to

(2, Y + Flu)(z,-) = (f'"u,v], ) g in L2(0,T; H*(Q)'), (4.5)
z2(0)=0 a.e. on {).
and
(b, -y g+ Flu(w,-) = (F*u, ], ) g in L*(0,T; H'(Q)"), (4.6)
w(0) =0 a.e. on ()

where for ¢ € HY(Q), t € [0,T], the right-hand sides read

i ) = = [ plt.) o) M (@) V() do o
Q
< ;quad [’LL, ’U], 1/)>H/ - _9 /('z Z(t, .’b) ’U(t)TM(ZL')V'l,ZJ(x) dz. (48)

Since controls are now only time—dependent and M, p, z fulfill the Neumann boundary condition on 912,
we can partially integrate (4.7) and (4.8). Thus, we deduce that the right—hand sides can be represented
by L?-functions which are denoted in the same way

fhn[u,v],fq“ad[u,v] € L*(Qr).

Consequently, we obtain improved regularity of the Fréchet derivatives, and the following result will be

useful for the analysis of the Galerkin discretization of the optimal control problem.

Theorem 4.1.1. (Improved regularity of z and w)
Letu e UL, ve L*0,T)™, p:= G(u). Then, z := G'(u)v and w := G" (u)(v,v) satisfy the estimate

l2llzzmz + [wllezaz + 2l miz + [wllgize: < CaaCraCy, (4.9)
where C,, > 0 depends continuously only on [|v||z2(0,1)-
Next, we investigate the existence of optimal controls for J(-) := J(G(-),-).
Theorem 4.1.2. The optimal control problem

R

possesses a global minimizer uw* € U for U € {H&(O,T)m, UL, Ug;{H} .

The Fréchet differentiability of G from L>(0,T) to W (0,T) implies that .J is arbitrarily often Fréchet
differentiable on L°°(0,T)™. Since H}(0,7)™ C L>(0,T)™, we obtain the following result.

Theorem 4.1.3. The reduced objective J is of class C? on L°°(0,T)™ and HL(0,T)™ with derivatives
=5 [ (p=ptzdedt o [ () =) do+ o)y,
T
(@) (v,0) = Bl 2 am) + B /Q (b — pywda dt
T
+allo(N sy + o [ (G(T) =5 )ulT) da+ 5ol

where p = G(u), z = G'(u)v, w = G"(u)(v,v) and Y = L%(0,T)™ or H'(0,T)™, respectively.



74 Fokker—Planck optimal control problems of tracking type

We can represent the reduced gradient v J’ (u)v at w with the adjoint function ¢ at w given by the

following backward problem

Definition 4.1.4. The function ¢ € W(0,T) is a solution to the adjoint problem with controlu € L*(0,T)™
and state p = G(u) if
—0q+ Fu(-,q) = B(p — p?) in L*(0,T; H'(Q)')
q(T) = a(p(T) — p) a.e. on €.

In that case, q is called the adjoint state associated with (p,u). We notice that there are different sign

conventions for q.
The control-to—adjoint map © : L>°(0,7)™ — W (0, T) is well-posed and Lipschitz continuous in W (0, T,
uniformly on UZ;. Furthermore, we have the higher regularity

©: L>(0,7)™ — H*(0,T; L*(Q)) N C([0, T); H(Q)) (4.10)
and the compactness of © : L>(0, 7)™ — C([0, T]; L*(£2)).
With the adjoint, we can rewrite the reduced gradient, using the fact that

/ pVq' Mvdzdt = —f (p—ph)zdrdt — a/(p(T) —pD)2(T) du dt,
Qr

Qr Q

as follows
J'(u)v = —/ pVq' Mo dzdt +~v{u,v)y.
Qr

Analogously to Chapter 3, for v € L*>°(0,T)™, we introduce the function ®[u] : [0,T] — R™,
Blul(t)i= ~ [ plt.)Valt,n) M (o) da. (4.11)
Q

where p = G(u) and ¢ = ©(u). Due to the regularity p € C([0,T]; H'(0,T)) and Vq € C([0,T]; L*(Q))4,
it holds that (after modification on a set of measure zero)

®[u] € C([0,T])™.

Furthermore, for the case Y = L?(0,T)™ and u € L>(0,T)™, we obtain the pointwise representation of
the Fréchet derivative
J'(u)(t) = ®[u)(t) + yu(t), fae. te[0,T]

The optimality system for the triplet (u,p,¢q) in a classical formulation reads

Oyp — alAp + div (B[u]p) =0 on [0,T] x Q,
p(0) = po on ,
(aVp — Blulp) -1 =10 on [0,T] x 09,
~0hq — alq + Blu] - Vg = B(p - p) on [0,T] x €,
q(T) = a(p(T) = p") on ©,
Vqg-n=0 on [0,T] x 09,

and for all v € U it holds that

JWw—u)>0, ifU=ULor UL",

J'(u)v =0, if U = HE(0,T)™.

Next, we can state the implicit representation for a local minimizer



4.1 Main results 75

Theorem 4.1.5. (Implicit formula for local minimizer and higher regularity)

a) Let @ be a local minimizer of the problem

min J(u)
ueUZ

with || - |ly = || - |l2. Then it holds fori=1,...,m
O[a)(t) +yai(t) >0 = a(t) = uw™,

O, [u](t) +vui(t) <0 = u;(t) = u™,
uP < (1) < u™ = ®fa)(t) +yu;(t) = 0.

and u is continuous with the following representation

a(t) = min {um“, max {i@[a}(t), umin}} . (4.12)

Furthermore, in the case of inactive constraints, this becomes

alt) = % /Q 5t )Vt 2)T M(z) dw, t€[0,T].

b) Let @ be a local minimizer of the problem

min  J(u)
u€H}(0,T)™

with || - ||y = || - |gzr. Then @ has the higher reqularity C*(0,T)™ N HE(0,T)™ and satisfies for
t € [0,T] the boundary value problem (or elliptic Dirichlet problem)

@’ (t) = u(t) + %@[ﬂ](t), w(0) =0 =a(T).

Next, we analyze the second—order conditions for the case Ug;i, which was done in [5].

Theorem 4.1.6. The reduced objective J satisfies the conditions (C1)-(C2) of Theorem 1.3.6 for
the admissible set UL, and U, = U, = A= L*(0,T)™.
Let @ satisfy (A1)-(A2). Hence, there exists €,0,v,7 > 0 such that
a) for allu € UL N B.(w; L*(0,T)) it holds that

LS .
J(@) + 5 llu—all3 < J(w),

b) for all critical points u* with u* € Uaq N Be(w; L2(0,T)) it holds that
u=u",
¢) for all u € Uyq N B:(1; L?(0,T)) and all v € ET it holds that

A v
J" (u)(v,v) > §||v||§7

*(0,7)

where BT = {v € ST;L T ()| < Tllvll2}
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4.2 Proofs

We start with the higher regularity of z and w.

Proof of Theorem 4.1.1. Recall that (F1)-(F7) hold, and therefore, fi"[u,v] and f9"%d[y, v] can be rep-
resented as L?(Qr)-functions. Thus, we can bring the equations for z and w into the form of Theorem
2.3.5 on maximal LP-regularity of parabolic problems. After estimating || f1i[u, v]||2 < CaqCry||v]|2 and
|| fa2d[u, v]||2 < CaaCry||v]|3, an application of this theorem yields the claim. O

Next, we prove the existence of optimal controls.

Proof of Theorem 4.1.2. Let us begin with the box—constrained cases U = UL, or UaTd’H. Since J is non—
negative, it is bounded from below by zero, and we can pick a minimizing sequence (u*)gcy from the set

of admissible controls ¢/ with

Jwk) =T := Helzf;{j(u), as k — oo.

Due to the box-constraints, (u*) is bounded uniformly in L>°(0,7) and has a weak*-limit @ € U.
Therefore, by the compactness of G : L>(0,T7)™ — C([0,T]; L?(2)), we have for a subsequence
G(u*) = G(u) in L>(0,T; L*(R)),
which immediately implies
IGW*) = Pl T2, = IG(W) = pI720,y and  [Gu*)(T) = p" |22 (q) = [G(u) = p"[120)-

If the regularizing norm Y is H', then we additionally make use of the lower boundedness of (j (uk)) e
which yields the weak convergence of (u*)rcn in H! in that case (after possibly extracting a subsequence).

All in all, this implies the weak lower semicontinuity of .J, and therefore, it holds that

7 < J(a) <liminf J(u*) = Z.

k—o0

Thus, @ is a minimizer of J.

The unconstrained case, i.e., the set of admissible controls is H{ (0, 7)™, follows completely analogously,
except the proof of the boundedness of the minimizing sequence. In this case, we obtain it due to the
positivity of v and the non—negativity of J, as follows. Without loss of generality, we may assume that
the uncontrolled case u = 0 is not optimal, i.e. J (0) > Z. Thus, for sufficiently large k, it holds that
J(0) > J(uF), which implies that Z|lw*||%: is uniformly bounded by a function of the uncontrolled state
G(0). Then, due to the continuous embedding H}(0,T)™ < L>°(0,T)™, we can estimate

gl B o

§Huk|\io <Cr <2|G(0) _pd||2L2(QT) + §||G(0)(T) —pT|2L2(Q)> < (a+B)CrCy,
where the constant C'r > 0 was introduced at the beginning of Chapter 2. This concludes the proof. [
Next, we need to verify the higher regularity of the adjoint stated in (4.10).

Proof of (4.10). After time transformation ¢ — T — ¢, that is ¢ := O(u)(T — t), we see that the adjoint
problem can be transformed in a forward heat problem with Neumann—boundary conditions
Oq—alAg=f on [0,7] x Q,
q(0) = qo on €,
Vg-n=0 on [0,T] x 092,
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with the following initial data and right—hand side

g0 :=o(p(T) =p"),  f=Bp—p") =Bl Vq.
Since we have already established higher regularity for the Fokker—Planck problem p € C([0,T]; H'())
and due to ¢ € W(0,T), we obtain the regularity
g € HY(Q) and f € L*(Qr).

Hence, we can apply the regularity Lemma 2.3.1 to deduce that ¢ € C([0,T]; H'(2)) N H'(0,T; L?(Q2)).
The claim of (4.10) is therefore proven. The Lipschitz continuity of © follows analogously to the proof
of Lemma 2.4.4 and using the fact that G is Lipschitz continuous. O

We can now prove the implicit representation of minimizer.

Proof of Theorem 4.1.5. The claim a) is a direct consequence of Lemma 1.4.6, which we apply in our case
with 2 =]0,T] and f = ®;[a] +~yu,; fori =1,...,m.
The claim b) is proven in a different manner, since no box—constraints are present. Thus, the first—order

optimality conditions reads for i =1,...,m
<¢Z[ﬁ] + Vﬂivv>2 + <Vﬂ;7v/>2 =0, ve H&(OaT)

This is exactly the weak formulation of the following one-dimensional elliptic Dirichlet problem for w
with right-hand-side f = %@Z[a] in strong form

w'=w+f  onl0,T], w(0) = 0=w(T). (4.13)

Obviously, ®[u] € L?(0,T)™, therefore by standard elliptic theory, the problem (4.13) possesses a unique
strong solution H2(0,7) N H(0,T). Consequently, f.a.e. t € [0,T] it holds that

u'(t) =u Lo
@(t) = a(t) + S ).

Since the r.h.s. is continuous, it must hold that u” is continuous as well and the claim v € C?([0,T])™
follows. 0

For the proof of Theorem 4.1.6, we refer the reader to [5] and Theorem 1.3.6. This concludes the chapter,
and we continue with a numerical analysis of this optimal control problem by a Galerkin discretization.
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Numerical analysis for a class of optimal control

problems with time-dependent controls

Calculus succeeds by breaking complicated problems down into
simpler parts. That strategy, of course, is not unique to calculus.
All good problem—solvers know that hard problems become easier
when they’re split into chunks. The truly radical and distinctive
move of calculus is that it takes this divide-and-conquer strategy to

its utmost extreme — all the way out to infinity.

STEVEN H. STROGATZ in Infinite Powers: How Calculus Reveals
the Secrets of the Universe, 2019

It is the aim of Chapter 5-7 to establish accuracy estimates for the Fokker—Planck problem with a tracking
type cost functional and only time-dependent control. This is a very challenging and complex task, which
is why we have split it into three steps, and each step is performed in one chapter. First, we show under
which condition a PDE optimal control problem can be approximated by an ODE—constrained optimal
control problem, governed by a semidiscrete Galerkin approach. Secondly, we analyze this so—called
semidiscrete optimization problem and establish accuracy estimates in Chapter 6. In the third step,
performed in Chapter 7, we apply these results on our Fokker-Planck problem, which concludes the
numerical analysis.

In this chapter, we perform the first step and present a framework for reducing the complexity of opti-
mization problems of the following form

min J(f,u) s.t. Of + L[ul(f) =0, f(0)= fo, (5.1)

uEUaq

where f = f(t,x) represents the real-valued state function of space and time, and 0, f denotes its partial
time derivative. Furthermore, f — Llu](f) denotes a differential operator with respect to z, acting only

on its first argument f and including a control mechanism with the time-dependent control u = u(t).
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The optimal control problem (5.1) is defined on the spacetime cylinder Q7 =]0, T x2, where Q C R? or
R3 is convex, bounded, and is polygonal or has C?-boundary, and T' > 0 denotes the final time horizon
as usual. We assume that appropriate boundary conditions are given on 02, which are included in the
definition of L. Additionally, fo represents the initial conditions. The set of admissible controls and the
objective functional are denoted with U,q and J, respectively. The control-to-state map u — G(u) = f
is assumed to be well-defined, and further properties for G and J := J(G(-),-) are given in the next
section.

We remark that optimal control problems with only time-dependent control functions occur in many
applications and research papers [6,7, 16,44, 51]. In many cases, the function u plays the role of a
modulating function of a given space—depending potential.

Our main assumptions on (5.1) are second—order optimality results of v — J(G(u),u) and convergence
results of a semidiscrete Galerkin approximation of the PDE

Of + Llul(f) =0, f(0)=fo (5.2)

for fixed u. We show then that establishing error estimates of (5.1) can be reduced to finding error
estimates of an ODE—constrained optimization problem, where in many cases error estimates are available
in the literature: In [30,62], Galerkin discretizations are presented for semilinear parabolic and hyperbolic
PDEs. Second-order analysis for several optimal control problems can be found in [5,21, 22, 46, 48, 64],
and accuracy estimates for optimal control problems constrained by a system of (non)linear ODEs and
their numerical approximation are analyzed in [3,19,23,27,29,47,60]. However, there are fewer results
for accuracy estimates for PDE—constrained minimization problems, and with the theory presented in
this chapter we would like to contribute to the research work on this field. For this purpose, we present
a general approach that is based on the above—mentioned results and techniques in order to analyze
PDE-—constrained optimal control problems of the form given in (5.1).

Our approach is then applied in Chapter 7 to the Fokker—Planck optimal control problem with bilinear

control mechanism of the form
O f —aAf +div (B[u]f) =0,

where Blu](t,z) = M(z)u(t) + ¢(z). To the best of the authors’ knowledge, for this problem, no error
analysis has been presented before. However, first— and second—order optimality conditions for this and
similar bilinear problems have been established in [5,45,46], and accuracy estimates of the corresponding
bilinear ODE—constrained problem can be found in [47] and are presented in Chapter 6.

This chapter is organized as follows. In the next section, we discuss the spatial finite element setting
in detail. Furthermore, for a better understanding of our approach, the time discretization scheme that
will be used in Chapter 7 for the semidiscrete problem is also introduced. Next, in Section 5.2, we
formulate our approach for deriving accuracy estimates in a general framework. Section 5.3 is devoted to

the numerical analysis of the Galerkin approximation of our Fokker—Planck problem.

5.1 The spatial discretization and the semidiscrete optimal control

problem

We start this section by introducing our finite element setting for the spatial discretization. Let  C R?
or R3 be bounded and convex, and for simplicity in the notation of the discretization, we assume that

is a polygonal domain. Let A > 0 denote the discretization parameter and we introduce a quasi—uniform
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triangulation {75 }r>0 of Q with

0= U S and h =max{diam(S):S € T}
SETh
Next, we introduce the N = N (h)-dimensional space of linear finite elements for H'(£2)—functions given
by
Py = {1 € C(Q) : ¢ is linear on each S € Ty, } .
The canonical basis is denoted by {; : i = 1,..., N} of P&, where ; is the typical pyramid function,
see [15, Chapter 3]. Next, notice that for H'- and H?—functions in 2 and for the triangulation {75 }r>0,

the following accuracy result holds

ian{||f7¢HL2(Q)} < Cabhl fllar @), fGHl(Q),
YEPY o
inf {If =¥l ) +h wof {If =4} < Cal®llflmz@, | e H (). '
wle%?g;’ UF = Plleae } wler;;g {If = vllz@} < Cal®|lflla2i), f ()

We recall the L?-orthogonal projections Projgz(m : L2(Q) — PY defined by

(Projiz) (), V) L2y = (f:¥)12(), ¥ € PY. (5.4)

Moreover, we introduce the Riesz—projection (or V-orthogonal projection) Proj@ cHY Q) — 79{;7 defined
by

<VPI‘Oj@(f), V’(/J>L2(Q) = <Vf, V’(/)>L2(Q), w € Pg (5.5)

We recall important accuracy rates in the following Lemma; in view of (5.3), we see that these rates are

optimal.

Lemma 5.1.1. The following estimates hold for the L?— and Riesz—projection. There exists Cq > 0 such
that for all mesh sizes 0 < h < 1 and all g € H'(2), f € H*(Q) we have

lg — PrOjLNQ(Q) (@) +hllg - PrOjJLVQ(Q)(g)”LQ(Q) < OQh2||g||H1(Q)a (5.6)
I = Projia) (Hllz2() + AIV(f = Projiz oy (M))ll2@) < Cah®[[flla2 (@), (5.7)
I = Projyy ()l L2() + hIIV(f = Projy (f)lz2() < Cab?(|fllaz@). (5.8)

Additionally, the following convergences hold for g € L*(Q), f € HY(Q)
IProjiz(a)(9) = gllzz() + [IProjg (f) = fllmi@) = 0, h—0. (5.9)

Proof. A proof is given in [24], [62, Chapter 1] and in [33, Prop. 1.134] (where [ =1, k = 1), and we refer

the reader to [15, Thm. 4.4.4] for analogous approximation properties in a more general setting. O

Let us sketch our strategy to discretize the optimal control problem (5.1) with the just presented finite
element method. First, let L[u](f,-) denote a weak formulation of L[u](f) such that the classical solutions
f satisfies for all test functions 1 : 2 — R the following

(Ocf ) p2() + LIu)(f,9) =0,
<f0 - f(ov ')71/)>L2(Q) =0.

In a finite element approach, the ansatz is to seek semidiscrete solutions f* € H'(0,T; ’Pév ) of the form

(5.10)

N
Pt ) = D ().
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Inserting this ansatz into the weak formulation (5.10) of f and replacing the space of test functions with

the finite element space PY’, we obtain the following system of equations for j =1,..., N
(O™ 5 20) + LU (f", ) = 0, (5.11)
(fo— "(0,4),4;) L2() = 0. (5.12)

Assuming the control u to be only time-dependent, we can carry out all integrations over x. Therefore,
(5.11) becomes a system of ODEs for y with initial value given by (5.12). This justifies the terminology
of finding f" as a semidiscrete problem, since it is a discrete problem in x but still a Cauchy problem in
t.

We proceed analogously for the semidiscretization of the objective J, and for a better illustration of our

approach, we assume J(f,u) to be of the form

J(f,u) = / ((t,x, f(t,z),u(t)) dedt +/ t(z, f(T,x)) du. (5.13)
Qr Q
We replace all space dependent functions with its projections Projgz (Q)(-) to the finite element space,
carry out the integrations over x and obtain a semidiscrete objective, that involves only time—integration
of the form

T
Jn(y,u) = /0 Ly, (t, y(t),u(t)) dt + kp, (y(T))

In conclusion, we have — at least formally — obtained the ODE—constrained optimal control problem

uIél[l]l:d Jn(y,u) y given by (5.11)—(5.12). (5.14)
Under certain assumptions on the PDE (5.2) and the objective (5.13), one can expect that f" — f
in a suitable sense and Jp(y,u) — J(f,u) as the mesh size h tends to zero. Thus, we call (5.14) the
semidiscrete optimal control problem, and we remark that both optimization problems are defined on the
same set of admissible controls U,q.
The idea of this splitting procedure is that, on one hand, we need to verify that this is a good approxi-
mation in the sense that the minimizers @y, of (5.14) converge to minimizers 4 of (5.1). In other words,
we address the following question: If a sequence of cost functionals Jh converges to J with a certain rate,
under which further conditions can we make a statement on the convergence rates of the local minimizers
uy, to u? This question will be answered in the next section.
On the other hand, we hope to have simplified the problem in the sense that (5.14) is a simple problem
compared to (5.1) from a theoretical and numerical point of view. The simplified problem is analyzed in
Chapter 6. Let us introduce its time discretization with uniform mesh size k := T/ K, where K € N is the
number of grid points and ¢; := ik for i = 0,..., K. Let (Uaq)r be the corresponding finite-dimensional
space to U,q and let jh,k be the finite-dimensional objective corresponding to jh. The corresponding
finite—-dimensional optimization problem reads

UEI(Ill}arcll)k Jh’k(U)

with solution @p ; € (Uaq)k. For a suitable projection Py : (Uad)r — Uaa, we have split the problem of
establishing error estimates into

1t — Pr(tnx)ll2 < la — anll2 + [[un — Pr(tnk)|2- (5.15)

Let us put it in concrete terms for our Fokker—Planck problem. In that case, the semidiscrete problem
for J, is discretized in time with a finite element method, i.e., (Uad )k is the space of piecewise constant
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or piecewise quadratic polynomials and no projection is needed. Due to (5.15), we are able to prove first—
or second-order accuracy, that is, minimizers @y, ; of JAh’;€ converge to # in L?(0,T) with rate k" + h",
where » = 1 or r = 2 depends on certain regularity assumptions.

The first term of (5.15) is treated in Section 5.2 and the second term is estimated in Chapter 6.

5.2 Accuracy estimates of optimization problems in an abstract frame-

work

In this section, we formulate the conditions for the abstract minimization problem (5.1), that are based
on second-order results from Section 1.3 and the splitting idea (5.15). We completely adopt the notation
from Theorem 1.3.6. The set of admissible controls ) # U,q C L%(0,7)™, m € N, is convex and closed,

and U is a Hilbert—space with scalar product (-,-)y and norm || - ||y = (-, ~>[1]/2 that covers U,q. Let Uy
be a Banach space with norm || - ||, and continuous embedding U,, C U. Possible choices of U and U,

are, for example, L?(0,T), H}(0,T) or H*(0,T) and L*(0,T), respectively; also the choice U = Uy, is
possible.
Furthermore, we assume the existence of a control-to—state map u — G(u), and introduce the reduced cost
functional J : U — R, J(u) := J(G(u),u). In this section, the minimization problem under consideration
reads

Jnin J(u). (5.16)
We recall that u* € U,q is a minimizer of J (or a solution of (5.16)) if J(u*) < J(u) for all u € Uag.
Furthermore, some @ € U,q is a local minimum of .J (or a local solution of (5.16)) if there exists r > 0
such that J (@) < J(u) for all u € Upq N B, (1; Uso ).
Let h > 0 denote the spatial mesh size for the space approximation. Let us fix @ € U,q and recall the

following conditions on J from Theorem 1.3.6:

(C1) J , jh is of class C? in U, and for every u € U.,q, there exists continuous extensions

J'(u), J}(u) € Lin(U), J"(u), J}(u) € Bilin (U x U). (C1)

(C2) There exists A > 0 such that for all sequences (up)nen C Uaa and (vp)neny C U with uw,, — @
strongly in U and v,, — v weakly in U it holds that

J(@)w = lim J'(uy)v,, (C2.1)
n—oo

J" (@) (v,v) < lirginf J" () (Vn, Un), (C2.2)

and if v = 0, then Aliminf ||v,||? < liminf J” (up)(vn, v). (C2.3)

Furthermore, we state the following conditions for the semidiscrete problem.
(C3) The semidiscrete functional Jh : Uaq — R is well-defined and
Jn(u) = J(u) (C3)
as h — 0, uniformly for u € U,gq.
(C4) The sequence () of local minima of J;, exists and

up > u inUash—0. (C4)
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(C5) For all § > 0 there exists €, hg > 0 such that for all v € U, 0 < h < hg and u € Ung N B(u; U) it
holds that

[T () (v, 0) = J" (u) (v, 0)] < 6]J0l|Z- (C5)
(C6) Let 7 > 0. There exists some hg > 0 and rate 7 > 0 such that for (#,) and @ from (C4) it holds
that
J' (v — Jj (an)v| < CR" vy, v € Uad, (C6)
for all 0 < h < hg, where C > 0 is independent of @, and h. Additionally, @, — @ € ET, where
Ep={veS: : |7 @l <7lolla}.
In addition to these conditions, we require the following first— and second—order assumptions on @
J(@)(u—1) >0, u€ Uy, (A1)
J"(@)(v,0) >0, veCz\{0}. (A2)

where Cy denotes the critical cone defined in Section 1.3.
We present the main result of our abstract approach in the following theorem. It specifies how the
auxiliary term ||@ — ||y can be estimated. Therefore, it allows for the reduction of the complexity of

the problem minyey,, J(u) to that of mingey,, Ju(u).

Theorem 5.2.1. Let @ € Uyq satisfy (A1)—(A2) from above, and let the conditions (C1)—(C4) and (C6)
hold for the reduced objective functionals J,Jy : U — R at @.
Then, for sufficiently small h, it holds that

@ —an||u < Ch',
for some C > 0 independent of uy, and h.

Proof. We see that Theorem 1.3.6 implies local coercivity of J around @ in the sense that there exists
v,7,& > 0 such that for all u € U,g N B (4; Uy) and all v € EL, it holds that

J'(w)w,v) = Sl
Since @y, — @ € EZ by (C6), we have for all h > 0 and w € Uyg N B.(4; Us) that
%Ha—ahu% < J"(w)(a — ap, @ — ap). (5.17)

Due to the mean value theorem, for all & > 0 there exists A € [0, 1] such that

F" (wn) (@ — i, @ — n) = (J’(ah) _ j’(a)) (@ — @),

where wy, := At + (1 — A)ap. Due to the strong convergence @y, — @ in U, we find hg > 0 such that for
all 0 < h < ho we have wy, € B.(@; U). Since —J' (@) (1, — @) < 0 < —J} (an)(@n — ) due to the FONC,
it holds that

2l — i < () (@, )
J'an) = J'(@)) (i, — )
Jan) = i (an)) (i — @)

< Ch"||lap — ul|v,

N
/~

where the last estimate is from (C6). Dividing by ||@, — ||y yields the claim b). O
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Concerning (C4), in many applications a first—order necessary condition yields an implicit formula for ay,
and @, which can be exploited to derive the convergence of the norms |||y — ||@]ly. Another, more
direct approach is shown in the following lemma, where a sequence of minima is constructed on a small

closed ball (@) that converges strongly to .

Lemma 5.2.2. Let J,.J, be w.l.s.c on Ung and fulfill (C1)~(C3). Let (A1)~(A2) hold for @ € Unq and let
€ > 0 be given by Theorem 5.2.1. Furthermore, let the objective J and the semidiscrete objective Jp, be of
the form

BN Y2 2 _ Y2

Jw) = Fu) + gllulp,  Ju(u) = Fa(uw) + Slluly

for v > 0 and functions F, F, : U = R, and if w, — w in U then Fp(wp) = F(W). Then, the following
holds:

a) There exists a sequence (Up)p>o C Uaa of solutions to

min {jh(u) |w€ U NBepa' (i U)}, By (wU):={ucU||u—uly<e/2}, (5.18)

with up, = u in U as h — 0.
b) If |lun|lo — ||allu, then (an)nso is a sequence of local minima of J,, and condition (C4) is satisfied.
¢) The convergence of the norms ||us|lv — ||alju hold.

Proof. We start by showing the existence of solutions wy, to (5.18). Due to (C3), Jj is bounded from
below, and we can pick a minimizing sequence (W} )pen C Uaga N BE/QU('Z_L; U) with

n— oo

lim Jy(wl) = inf {jh(u) |w€ U NBeja (i U)} .

By construction, for every h > 0, the sequence (w})nen is uniformly bounded in U by |||y + €, and
hence, there exists a weak limit wy, in U (after selecting a subsequence). Due to the convexity and
closedness of Uyq N EU (u; U), we deduce by an application of Mazur’s lemma, see Lemma 1.4.2, that
wp, € Uag OK/QU(E; U). Thus, the weak lower semicontinuity of jh implies that wy, is a local minimizer.
Next, we show that the sequence of minimizers (wp)p>o converges weakly to @ in U as h — 0. Since
|wrllo < |lallv + ¢, there exists a weak limit w € Uaq N Bej2 (4;U). Indeed, we can prove w = 4 as

follows. First, notice that the assumption on F},, F' implies Fp,(wp) — F(@). Hence, we obtain that
J(w) < lizn_%lf Jn(wp) and  Jy(wp) < Ji (@)
due to (5.18). Consequently, it holds that
J(w) < liminf Jy (wy) < lim Ji (1) = J(a) < J(w). (5.19)

Now recall the quadratic growth condition at @ which implies that @ is a strict local minimum, that is,

J(u) < J(u), u€ Uyq N B:(u;U).

Since J (@) = J(w) and w € Unq N B.(w; U), it follows that w = 4.

In conclusion, we have shown that a subsequence of (wy) — let us redefine it as (@) — converges weakly
to 4 in U as h — 0, thereby proving part (a). Furthermore, if ||ip|g — ||@]|v, this would imply strong
convergence in U since U is a Hilbert space. Consequently, for sufficiently small h, every @y has to be in
the interior of the closed ball. Therefore, it is a local minimum of Jp,. This proves part b).
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In order to verify assertion c), notice that in (5.19), we have proven that J(@) = liminf,_,o J; (@), and

hence,

TR AT .. A _ & _ Y=
liminf a1 = lim inf (Ju(an) — Fa(an) ) = J(@) = Fa) = 2 |al?.

Due to the weak convergence, it holds that @, — @ strongly in U for a subsequence. Since the limit @ is
unique for every subsequence, the entire sequence converges without the need for selecting a subsequence,
see Lemma, 1.4.3. This concludes the proof. O

Let us emphasize that, in general, for non—convex minimization problems, one cannot simply construct
an auxiliary problem Jj, and assume that (C3) implies that its minimizers @, converge to the minimizer
@ of J. This is due to the fact that minimizers need not be unique, and local minima need not be strict.
However, Lemma 5.2.2 ensures that for given @, one picks the “correct” sequence of local minimizers uy,
of jh, and this is where the second—order assumption (A2) for @ enters in our approach.

Furthermore, second—order conditions on local minimizers are important for the numerical analysis of the
auxiliary problem and for establishing accuracy estimates. Since the minimizers u; are given by Lemma
5.2.2, one has to verify that the second—order condition of @ will be passed on to @,. This can be done
as follows. In the case of no box constraints on the controls, that is U,q = U, the critical cone from
(A2) becomes Cy = U. Hence, if additionally condition (C5) holds, we can ensure that also @y, fulfills a
second—order condition for jh.

In the case of U,g & U, the situation becomes more delicate, since we have to compare the critical cones
of J and jh. In Section 7.2, where we investigate the non—convex Fokker—Planck problem, we solve this
problem by defining two extended critical cones. This allows us with (C5) to deduce local coercivity of
jh around @y from the given local coercivity of J around 4.

This concludes our discussion of the abstract minimization problem, and we focus on our Fokker—Planck

optimal control problem of tracking type.

5.3 Convergence of the semidiscrete Galerkin approximation for the
Fokker—Planck problem

In the following, we analyze the spatial Galerkin approximation to the FP problem. One difficulty is
that the objective functional J contains the term p(T),-), and consequently, we need to analyze accuracy
additionally in the L>(0,7; L?())-norm. In order to obtain convergence of the semidiscrete Galerkin
scheme, the H(0,T; L*(Q)) N L*(0, T; H?(2))-regularity of solutions to the FP problem and its adjoint
are sufficient. However, in order to derive quadratic accuracy of the semidiscrete Galerkin scheme, we
have to assume a L?(0, T; H3(Q2))NC([0, T]; H%(2))-regularity, at least for solutions of the form p = G(u),
0 = ©(a), where @ € UaTd is a local minimum on J or Jj,. Let us comment on why it is reasonable to
assume that such regular solutions p, g exist. The aim is to derive accuracy results for local minimizer @ of
J. As we have seen in Theorem 4.1.5 a), the implicit representation of 4 allows obtaining higher regularity
for local minimizer; in this case we have improved @ from L>(0,T) to H'/2(0,T). Since @ appears on the
r.h.s. of the inhomogeneous heat equation for p, see Lemma 2.3.2, possibly, p has now higher regularity
than H'(0,7T; L*(Q)) N L2(0,T; H?(R)), and we can repeat this argument. This bootstrap argument is
known to work well for linear optimal control problems, however, since the FP problem is a bilinear
problem, it is still ongoing work to rigorously verify this argument.

Next, recall the linear finite element setting on H'(£2) introduced in Section 5.1, where the set of pyramid
functions {¢; : i = 1,..., N} is the basis of PY. The mass matrix is denoted by M € RV*¥ and has
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ij—th entry

Mij = (i, 5) 12 (0)- (5.20)

We notice that M is symmetric positive definite and has full rank, and therefore, we can define the two

equivalent norms on L2(0,T)™ and RY, respectively,

- 1/2
llyllz.m == (/ y(t) T My(t) dt) for y € L?(0,T)", lalp = (aTMa)1/2 for a € RY.
0

We are interested in solutions P = Py € H'(0,T; H*(Q)) of the form

N
Py(t,x) =Y wi(t)vi(x), (5.21)

i=1

such that f.a.e. t €]0,7] and for i = 1,..., N it holds
(Pn(t), %) L2e) + Fe(Pa (), 0) =0, (5.22)
(PN (0),¥i)r2(2) = (Pos ¥i) L2(0)- (5.23)

This is equivalent to y € H'(0,T)" solving the linear system of differential equations given by
My (t) = (A + u(t)B)y(t), tel0,T] (5.24)

with initial condition y;(0) = (po, ;)2 for ¢ = 1,...,N. This is due to the fact that for the ij—th
components, we have (fl + u(t)é)” = —Fi[u](¥j,1;) for uw € L*(0,7)™, and hence, the entries for
i,j=1,...,N are given by

Aij = 7/ (aij(x) — zbj(:c)c(x)) -V (z) du,
Q
WOB); == [ 43(0) Vo) M) u(t) o

Since M is invertible, we can bring this problem in a standard ODE form by applying M~! from the
left on the equation. If m = 1, we define A := M™'A and B := M~!B, and thus, (5.24) becomes
y = (A+uB)y.

By the Carathéodory theorem, there exists a unique solution y € H(0,T)" to (5.24) and we refer to
Chapter 6 for more details. For every N € N, this gives rise to the following unique semidiscretized
control-to—state map

Yy : L2(0,T) — HY(0,T)Y, w1y, orequivalently (5.25)
N

Gy :L*(0,T) —» H'(0,T;PY), ur— Py = y; i (5.26)
=1

Now, we can state the main result of this section. For that purpose, we recall the following notations for
the norms of Banach valued Lebesgue spaces:

|- lzea == [ lLeo,rseace))s - llerae = [ (oo, rsm9(0)),  for p,q € [1,00].
Furthermore, let us recall the set of admissible controls under consideration

UL ={ue L®0,T)™ | u™ < u;(t) <u™ fae tc[0,T],i=1,...,m}.
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Theorem 5.3.1. Letu € UL, p=G(u) € H*(0,T;L*(Q))NC([0,T); HY(R)) and P = Py € H(0,T;PY)
be solutions to the FP problems (2.10) and (5.22), respectively. Then, for any ® € HY(0,T;PY) of the
form (5.21), there exists a constant C = CaqCry > 0 such that

Ip = Pllreere + |p — Pllzem < C(|Ip — @220y + [P — @llpere + [[p — | p2m)- (5.27)

Proof. Let us define w := p — P € C([0,T]; H'(2)). Note that by the Galerkin-orthogonality, w(t) €
H(Q) is a valid test function for the FP equation (2.10) but not for the semidiscretized one (5.22) since
p(t) ¢ PY in general. Thus, we obtain for any ® € H*(0,T;P) of the form (5.21) the additional terms

(W(t), w(t))L2) + Fe(w(t), w(t)) = (w(t),p(t) — V() 2(0) + Fe(w(t),p(t) — ®(t)), fae. t€]0,T[.
Next, we recall Lemma 2.1.2 and deduce the existence of constants 3,4 > 0 such that
~Filp,#) <Allelzz) — Bleln g
for all € H'(2). Thus, integrating with respect to ¢ yields

1 1 k
IOl <5 0O e + [ (Bl = Blul: ) ds (5:28)

+/0 (w(s),p(s) — ®(s))r2(q) ds +/0 Fs(w(s),p(s) — D(s)) ds. (5.29)

We estimate the first term in line (5.29) by partial integration, L?-Holder—inequality and the e—Young—
inequality to obtain f.a.e. t €]0,T[ and every small € > 0 the following estimate

[ 10060.55) = 25 0

t

< [ ez 1010 = )6 1200

+lw®llz2o () = 2Oz (@) + [w(0)z2@ [P(0) = 2(0) 22 (5.30)

t

<5 [ WO ds + 31000 - Dl

+ellw®)lagm) + Cellp(e) — Ola(0) + 5100 oy + 51p(0) ~ 20) 30

For the last integral in (5.29), the boundedness from Lemma 2.1.2 of the flux F similarly yields
t
/O Fs(w(s),p(s) = (s)) ds < el|wl|72(0,4, 1 (0y) + Cellp = Pll72 511

Combining both estimates, we find that

1
(5 ) W@y < 10O ey + Coll = @Mz = (8 = DMl comon
(5.31)

t
+Cellp = ®lags + 5100~ D + [ (45 ) 06 gy .
In conclusion, Gronwall’s lemma now implies that
) @) + 013 < C (IO Zagey + o~ @32+ 9~ ®l3a0s + 100 — ),
Lastly, we can estimate w(0) due to (5.23) as follows
[w(0)][z2(2) < llpo — @(0)l[L2() < [Ip — @z~ L2

This concludes the proof. O
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We will see in Theorem 5.3.3 below that under further assumptions on @, the first term in (5.30) can be

estimated in another way. As a consequence of Theorem 5.3.1, we get the following error estimate.

Corollary 5.3.2. (Linear and quadratic error estimates for the semidiscrete Galerkin approximation)
Let r € {1,2} and assume that p = G(u) € L*(0,T; H**"(Q)) N HY(0,T; H™(Q)). Then, there exists a
constant C' = CypqCrs« such that

Ip = Pllw < CR™(Ipll L2+ + IPllLenr + [0l 2mr)- (5.32)

Proof. Let us consider the case r = 1. Since p € L2(0,T; H*(Q)) N H*(0,T; H'(2)), we can define
®(t) := Projy (p(t)) € PY for t € [0,T], and due to the accuracy results from Lemma 5.1.1, it holds that

Ip(t) — @(t)ll2) < Chllp)||mr < ChlpllLem,

- 1/2
lp—®@lz2m = (/0 p(t) = @(8)[|7 dt) < Chlpllr22,

10:(p — @)l 22(7) < Chl|OwpllL2m < Chllpllarmr

Notice that for the last estimate, we used that 9;,®(t) = Proj& (d;p(t)) f.a.e. t € [0,T]. An application
of Theorem 5.3.1 yields the desired linear accuracy rate. This proves the claim for the linear accuracy
estimate r = 1.

If r = 2, we need the regularity p € H'(0,7; H*(Q)) N L?(0,T; H3(Q)), and the assertion follows analo-
gously. O

As mentioned before, let us go through the proof of Theorem 5.3.1 in a different way and exploit the
L2?-orthogonality of the L?-projection Proj%(g). Compared to Corollary 5.3.2, lower regularity of p is

necessary for linear error estimates.

Theorem 5.3.3. (Improved linear error estimates)
Let uw € UL, p = G(u) € H'(0,T; L*(2)) N L*(0; H*(Q)) and P = Py € H'(0,T;PY) be solutions to
the FP problems (2.10) and (5.22), respectively, where h > 0 denotes the mesh size, and N = N(h) is

the dimension of the finite element space.

a) Then, there exists C = CuqCry such that
[p = Plleer2 + [[p = Pllr2an < Ch(llpllzzmz + [[pllare2)-

b) Let f € L*(Qr). Let z € H*(0,T; L*(Q)) N L2(0; H?(Y)) and Z = Zx € H*(0,T;PY) be solutions
to the inhomogeneous FP problems f.a.e. t € [0, T

(2(1), ) 2() + Fe(2(8),9) = (fi )2, ¥ € H'(Qr) (5.33)

(Zn(t), %) p2o) + Fe(Zn (@), 0i) = (f,¥i)r2@), i=1,...,N, (5.34)

with initial condition z(0,-) = 0 and Zn(0,:) = 0 a.e. on Q. Then, the same linear accuracy
estimate holds for C' = CrqCrs

Iz = Zlleerz + |2 = Zl| L2 < Ch(||2]| 2252 + |2 50 22)-

¢) Let o = O(u) be the adjoint from Definition 4.1.4 and let oy € HY(0,T;PE) denote its Galerkin
approximation, i.e. it satisfies
—(on(t), Vi) 20 + Felu] (Wi, on (1)) = Bp(t) — p*(£), %) 20
(on (1), ¥i) 120y = ap(T) — " i) 12(0)
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fae. t€[0,T] andi=1,...,N. Then, a linear accuracy estimate holds with C' = C,qCr.C}
lo—onllzers + o — onllzzar < Ch(|lollLznz + llollmir2)-

d) If the norms for p,z,0 on the r.h.s of the above estimates || - ||p2gz and || - ||g1p2 are replaced by

|- [lz2m8 and || - || g2 g, then the linear rate h can be replaced by the quadratic rate h?.

e) The Galerkin scheme converges weakly in H'(0,T; L*(Q)) and weakly* in C([0,T); HY(Q)), uni-

formly on UL, i.e.,

Py —=*p, on—%0o  inC(0,T;H"(Q) asN — o,
Py—=p, on—0 inHY(0,T;L*Q) asN — o,

Proof. Let us start with assertion a). We repeat the proof of Theorem 5.3.1 with w := p — P until we
arrive at (5.30). This time, we choose the L?—projection ®(t) := ProjILVz(Q)(p(t)) € PY fae. t €0,T]
which implies the regularity

® € L2(0,T; H(Q)) N H' (0, T; L*()).

We exploit the L?-orthogonality (5.4) and obtain f.a.e. s € [0,7] the following identity

<’LU(S),p(S) - (I)(S»LQ(Q) =

(s),p(s) = @(s)) L2
() = ©(s), p(s) = ®(5)) £2(0r)
d

@ (Hp(s) - <I>(8)||%2(9>) '

S

p
p

o~ o~

DN | =

Consequently, (5.30) becomes f.a.e. t € [0,T]

/ (1 (s), p(s) — @(s))L2(q) ds = % (HP@) — ®()[|72() — IIp(0) — (P(O)”%Q(Q)) :
0

We estimate the second term in (5.29) as before. Next, we insert our estimates in (5.28)—(5.29) and
obtain that

1 1 t
§Ilw(t)||%z(g) §§Ilw(0)|\%z(m +/O (vIIw(S)H%z - ﬂllw(S)llip) ds

1 1
+5lp(#) ~ ()] 22(q) — 5lIp(0) = ©(0)]Z2(q)
+ellwllieo,nm @y + Cellp — @l 2pm-
Taking ¢ = 3 and applying Grénwall’s lemma yields the desired estimate for sup,c(o 7y |w(t)[|L2(q)-

Furthermore, taking e < 3, rearranging the estimate and estimating [|w(0)[/z2(q) < Cllp — ®||p~r2
implies the desired estimate for w in the L?(0,T; H*(2))-norm, and we arrive at

)3 s + 030 < C(Ip = Mg + o = Bl3ass0)- (5.35)

Lastly, we apply the accuracy estimates from Lemma 5.1.1 to obtain the linear rates

lp = @llzer2 = llp = ®lleqo,r;2(0)) < Calllplleqo,r:m (@)

(5.36)
lp— @2 < CahlpllL2me.

This concludes the proof of a).
Assertion b) is proven analogously for w := z — Z, since we observe that in the first step the r.h.s. f

cancels.
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In order to show claim ¢), we define w := g — g and ®(t) := Projgz(m(g(t)) € PY. We notice that this
problem is similar to problem b), where the bilinear flux operator F is replaced with its adjoint operator.

We may repeat the proof of a) and obtain with (2.1.2) the estimate

IOl < 5o+ [ () = Ao ) ds
T
—|—/t Fs(o(s) — ®(s),w(s)) ds.

The last term is estimated again with Lemma 2.1.2 and the e-Young inequality

T T
/ Filo(s) = @(s), w(s)) ds. < 6/ lw(s)IIr1 @) ds + Celle — @[Tz p-
t t

The other terms are treated as in part a). This completes the proof of ¢).

In order to prove part d), consider the estimate (5.35). This time, we apply estimate (5.7) from Lemma
5.1.1 to obtain the quadratic rates. For that purpose, let f = p, z or p satisfy the higher regularity, and
replace (5.36) by

|f — @2 < Col®|| L2,
If = @2 < Cah®||f|lr2ms.

This concludes the proof of d). In order to prove e) for the FP problem, we test the finite element
formulation with P € L?(0,T;PY) (instead of P) to obtain a.e. on [0, 7]

(P, P)12(q) + F(P,P)=0. (5.37)
Furthermore, it holds a.e. on [0, 7]

F(P,P) =a(VP,VP)2q) + (P, Blu]VP) 12 (0

v 2 | | (5.38)
= § IV PIe + (v (P Blu). P oo

Integrating (5.37) w.r.t. the time variable and inserting (5.38) yields f.a.e. ¢ € [0, T
Ll 2 : : a 2 2
0= | (IP($) e + {div (P(s) Blul). P naqey ) ds + 5 (IVPO ey = IVPO) e

Rearranging this equation, applying Cauchy-Schwarz inequality and then an e-Young inequality implies

the estimate
%IIVP(t)IIiz(Q) + /Ot 1P(5)]122c) ds
< IVP(0)[|721) + /Ot 1P(8)] 522 oy | BEa) ()l ) | P(5) 2y s
< |IVP(0)[172(q) + C- /Ot 1P(3)1I%1q) ds + 1 Blull|7o0 (0. 7100 (02)) 5/; 12(5)|22c ds.

Next, we exploit the uniform boundedness || B[u] ||%m(0 rwie(q)) < CadCFrs, and therefore, we can choose

€ > 0 sufficiently small such that

a 1 [t ¢
SIVPOIEs + 5 [ 1P() ) s < IVPOaey + Co [ 1P e de



92 Numerical analysis for a class of optimal control problems with time-dependent controls

Since this estimate holds f.a.e. ¢t € [0,T], we can take the supremum over [0, T]. Furthermore, we estimate
P in the L?(0,T; H'(Q))-norm by part a), and due to the equation (5.23) for P(0), it holds that

2
IVPO2(0) = [ (Proifea@0)]|, , < Clivolls o

This implies

a 1, .
tS[lépT] §||Vp(t)”2L2(Q) + §||P||L2(O,T;L2(Q)) < C(HPOHHl(Q)||P||L2(0,T;H1(Q)) < CadCps.
€0,

Hence, the semidiscrete solutions P are bounded in C([0,7]; H*(2)) and H'(0,T; L*(2)), uniformly in
N. Since the L2-limit of P is p, the corresponding weak (or weak*) convergence holds without a selection
of a subsequence and its limit has to be p which can be shown by a standard argument as in (2.46). The

case for the adjoint is done analogously. O

Let us mention, that similarly to e) and a), we can derive the strong convergence in C([0,7]; H*(£2)) and
H'(0,T; L*(2)) by testing with 1 instead of w. Let ®(t) := Proj;2(g)(e(t)) € PY and observe that f.a.c.
te[0,T)

(W (t), i (t)) L2 () + Fe(w(t), (1)) = (), p(t) — D(t)) L2y + Fe(w(t), p(t) — (¢)), (5.39)
Due to the L?>-orthogonality, we have this time f.a.e. s € [0, 7]

(ti(5), p(s) — () L2() = (B(s) — B(5),(5) — (5))2(0)
= [|p(s) — d)(S)H%%Q)‘

Next, integrating equation (5.39) from 0 to ¢, and then inserting (5.40) and (5.38) yields

(5.40)

[ (6 s+ (v (o) M) D2 s+ 5 (190 ey = V(0 o)

- / (i) = S(3)132( + Folaw(s), i) — B(s)) ) ds.

Now proceeding as in a) and e), we obtain linear rates under the additional H'-H'! regularity of p.
Weak solutions to our Fokker—Planck problem are known to preserve the total probability. We conclude

this section by proving that this also the case for the semidiscrete solution P.
Lemma 5.3.4. Let P = Py € H'(0,T;PY) denote the unique solution of (5.22)—(5.23). Then, for every

t € 10,77, it holds
N

/ P(Z‘,t) dr = / P(l‘,O) dr = Z<p0,wi>L2(Q).
Q Q P
Proof. We test (5.22) by (z — 1) € P& and obtain

<P(t)a 1>L2(Q) = 07 te [OvT]

Since P has regularity H*(0,7T; H'(2)), integrating with respect to ¢ yields
/ P(z,t)dx = / P(z,s)dz, s,t€]0,T].
Q Q

O

This concludes the analysis of the semidiscrete Galerkin scheme for FP problem with the state p = G(u).
We are now prepared to consider the corresponding semidiscretized cost functional Jy in the next section.
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5.4 The semidiscrete cost functional for the Fokker—Planck optimal con-

trol problem

In this section, we formulate the semidiscretized cost functionals of J. Furthermore, we verify the accuracy
assumption (C3) from Theorem 5.2.1 using the Galerkin accuracy presented in the previous section. Let
h > 0 be the spatial mesh size and N = N(h) the dimension of P .

We introduce the auxiliary semidiscrete problem

min Jj (u), (5.41)

ueUT,

with Jp (u) := Jn (Y (u),u) from (5.25) and auxiliary cost functional

a y
—ly(T) —y" j + 2 llull3-

B
In(y,u) = §||y - Z/d||§,/\/t + 5

The components of the target states y? € H'(0,7)" and y* € R are again defined as the coefficients
finite element approximation Prong o) of p? and p? from (5.4), that is,

Zyz yand |p% — p?llr2(0r) < Cah®llp? |2 me2, (5.42)

Z% )and |ph — 2" |22 < Cab®|p" || r2(0)- (5.43)

A quick computation shows that || P — pN||L2 @r =llv—y 4|3, ¢ and || P(T) — pN||LZ(Q ly(T) —yT|34,
where P = Gy (u) is the Galerkin approximation of p = G(u) from the previous section. Due to the
definition of M and || - ||2,a, it holds that

T [ N 2
1P =kl = [ ] (Z(yxt)—y?(t))wi(a:)) dt da

—ZZ / / i) () (i) — 20) " (93(t) — y2(1)) dt da

= 1] 1

Z / it) = 9 ()" Mg (55(0) — (0)) e = 1y — 4B ue
The second equality is shown analogously. Hence, we also have the following representation of Jn:

5 B o gl
Jn(u) = §||P *ptzivH%Z(QT) + §HP(T) *P%”QH(Q) + 5”““%2(01)

The next step is to analyze the semidiscrete optimal control problem. For better readability, we consider
in the following chapter the special case, where the dimension m of the control is one and M is the
identity matrix. We remark that since M is a positive definite matrix, the norms || - |20 and || - ||2 are
equivalent norms on L?(0,T), and therefore, all the results hold in an analogous way for the mass matrix
M from (5.20).
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Everything should be made as simple as possible, but not simpler.

ALBERT EINSTEIN, 1879 — 1955

In this chapter, we continue the numerical analysis of the Fokker—Planck optimal control problem from
the previous chapter. For this purpose, it is the aim to establish accuracy estimates of a finite element

approximation to the optimal control problem
min  J(y,u), 6.1
uweL2(0,T) (y, ) (6.1)

with a scalar control u € L?(0,T) and y € H(0,T)" solution to the following linear Cauchy problem
with bilinear control mechanism

Y0 = (A+u®) B)y(t), te0,7],  y(0) =y cRY. (6.2)

We assume that the matrices A, B € RV*N are constant, and we refer the reader to Section 5.3 on the
connection of (6.2) to the Fokker-Planck problem. The cost functional J : H'(0,T) x L*(0,T) — R is of
the quadratic form

T T
T =5 [0 = sa®P i+ 3 [ o at+ Ghu(r) e (63)

for v > 0 and «, 8 > 0. We recall Section 5.4, where the objective (6.3) is derived from the Fokker—Planck
optimal control problem considered in Chapter 5. The first and last integral quantify the deviation of
y and y(T) from a desired state y; € H?(0,7)" and target configuration yr € RY, respectively. The
second integral term represents a L?-cost of the control and has a strong regularizing effect for solutions
to (6.1). The case of additional bilateral box constraints is addressed in the Section 6.8.
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It is the aim to define a finite element discretization of problem (6.1)—(6.3) with optimal control @y given

on the K points of a uniform grid on [0, 7], and to establish a second-order accuracy estimate of the form
||1_L*7:LK||L2(O7T) SCK72, as K — oo.

In the previous chapter, the optimal control problem (6.1) has already been motivated by a semidis-
cretization of the Fokker—Planck problem with a Galerkin approach. In general, the ordinary differential
equation (6.2) arises in many semidiscrete Galerkin schemes to approximate time—dependent partial dif-
ferential equations with a bilinear control mechanism; see, e.g., [11,46,59]. Furthermore, the bilinear
structure of the control mechanism in (6.2) appears in, e.g., models of quantum optimal control problems
and linearized models of neural networks, c.f. [8-10,25,43,47], and in many application systems [12,56].
Nevertheless, the numerical approximation of this class of optimal control problems has been less in-
vestigated. For this reason, we would like to contribute to this field of research with the development
of a numerical analysis framework that is centered, with the aim of large applicability, on first— and
second—order optimality conditions. In view of the specific bilinear structure of our problem, we focus on
time—discretization of the state and control function by finite elements.

Although there is extensive literature on error estimates of ODE optimization problems, it seems difficult
to find results for the problem (6.1)—(6.3) under the given assumptions. This is due to the fact that while
most contributions cover a rich variety in the structure of the ODEs, the set of controls, the structure
of the cost functional and time discretization schemes, they assume certain coercivity conditions on the
optimization problem that are hard to be directly verified in our case. We refer to [29,39] for a detailed
survey of error estimates of non—linear optimal control problems with Runge-Kutta discretizations. The
paper [28] examines a wide class of numerical schemes and analyzes the convergence of the first—order
optimality system of a non-linear optimal control problem under suitable second—order assumptions on
the reduced cost functional. Euler discretizations for an optimal control problem with strong second—order
conditions are covered in detail in [2,27]. The case of linear control mechanisms where this condition may
not be fulfilled, as it is the case with a bang—bang control problems, is extensively studied in [3,53].
However, our approach, based on second—order results from Theorem 1.3.6 and a variational discretization
concept [42], is more direct and fits well to the case of bilinear optimal control problems but differs from
the classical ones [28,29,39]. Furthermore, the use of finite element discretization with the correct finite
element spaces allows us to overcome the discrepancy between the discrete optimality system and the
discretized optimality system. In general, for traditional time—stepping methods, the discretize—then—
optimize (direct) approach and the optimize-then—discretize (indirect) approach do not coincide and
therefore complicate the numerical analysis and numerical computations, see [66]. We refer to [41] for a
detailed analysis on the difference between the direct and indirect approach for our problem (6.1)—(6.2)
with Crank—Nicolson time stepping.

In this chapter, a continuous, piecewise linear finite element discretization is used for the state and
adjoint equation. Exploiting the bilinear structure of our problem and due to the concept of variational
discretization, we use continuous, piecewise quadratic polynomials to approximate the time—dependent
controls. In the framework of finite element discretization, accuracy results for elliptic control problems
have been presented in [20,45]. Furthermore, in [45], a bilinear elliptic control problem is considered, and
error estimates of order one for piecewise constant controls and of order 3/2 for continuous, piecewise
linear controls are given. Similar results are obtained in [4,20], where a semilinear elliptic equation is
considered with the control term entering linearly.

We remark that our main effort is to analyze problems where the controls are not subject to box con-
straints. However, in Section 6.8 we discuss extension of our results to the control constrained case.

This chapter is organized as follows. In the next section, we recall basic properties of solutions to (6.2)
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and analyze the control-to—state map and its Fréchet derivatives. The existence of optimal controls is
proven in Section 6.2, and the first—order optimality system is derived. Further, in Section 6.3, we analyze
the second—order derivatives of the reduced cost functional and state second—order sufficient conditions
for optimality. In Section 6.4, we introduce a finite element discretization scheme of the forward and
backward problem. Subsequently, we discuss a variational discretization scheme and derive the discrete
optimal control problem in Section 6.5. Section 6.6 is devoted to the convergence of the discrete controls
to the corresponding optimal control by using the first— and second—order analysis of the optimization
problem and the finite element discretization. With this preparation, we state our main results in Section
6.7, where we derive quadratic error estimates. In Section 6.8, we discuss the case where additional box
constraints on the control are present. A numerical algorithm for the computation of optimal controls
with our framework is developed in Section 6.9 and results are discussed which support the theoretical

findings.

6.1 Analysis of the governing model

In this section, we analyze the Cauchy problem (6.2) for controls u € L2?(0,T) and fixed initial value
y(0) = yo € RY. By means of the Carathéodory theorem, we say that y is a solution to (6.2) if
y : [0,T] — RY is absolutely continuous on [0, 7] and satisfies the following equation

y(t) =yo + /0 (A+u(s)B)y(s)ds, te][0,T]. (6.4)

Let us recall some notation that is used throughout this chapter. We use the abbreviations for the

following norms of only time—dependent Lebesgue spaces

- llz =11 lz20ys |- lloo := I - lzeo,mys - et i= I - |2 0,7)-

For u,v € L?(0,T), we denote with (u,v)s := fOT u(t)v(t) dt the canonical scalar product on L?(0,T).
Furthermore, we frequently use the continuous embedding H'(0,T) < C([0,T7), cf. [1]. We use | - | for
the Euclidean norm and matrices M € R™*™ are sometimes interpreted as vectors M € R™"  which gives
meaning to |M|. In this chapter, all constants C' may depend (continuously) on the fixed data T\ |A|, |B]|
and |yo| from (6.4); any additional dependencies are, if not clear from the context, denoted by subscripts.

The following theorem states existence of global solutions of regularity H(0,T).

Theorem 6.1.1. For every u € L*(0,T), there exists a unique solution y € H*(0,T)N to (6.4). Further-
more, it holds that

[Ylloo + 1Yyl < O 1yo1,1A11B]lull2>

i.e., the constant C depends continuously only on the real valued numbers T, |yol, |A|, |B| and ||ull2. If
u € HY0,T)NC([0,T)), then y € C*([0,T))N and

lyllzz < Chruf i liylg -

Proof. Due to its linear structure, the right-hand side of (6.2) satisfies the Carathéodory condition
and is locally Lipschitz continuous in y. Thus, there exists an absolutely continuous, unique solution
y:[0,T] — RY with ¢/ € L'(0, 7)Y which has the representation

y(t) = exp (At +B -/Ot u(s) ds> Yo, te€0,T7. (6.5)
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This yields the bound for ||y||~. Since y satisfies (6.2) almost everywhere, we obtain the H'-bound

T T
2
A|ymﬁm=é!m+u@3mw|wscm@+mmawﬁ

Now let u € H'(0,T) be continuous. By standard ODE theory, y from (6.5) is in C*([0,T]) and taking
the derivative of (6.2) yields

ly"ll2 < Bl [l2lyllso + 1|4 + uBlloolly’ll2 < C(1 + [[ll g ) Nyl -
This concludes the proof. O

Notice that, if A and B are skew-symmetric, then the Euclidean norm |y(t)| = |yo| is preserved for every
t € [0,T], and we refer to [25] for further details on the problem (6.4).
An immediate consequence of Theorem 6.1.1 is the well-definedness of the control-to—state map

G:L*0,T) — H*(0,T)N, wuwrsy, v solution to (6.4) with control w.
Next, we state some properties of the map G.

Lemma 6.1.2. G is compact in the sense that for every weakly convergent sequence (uy) — u in L*(0,T),
the strong convergence G(ug) — G(u) in L? N L>(0,T)N holds.

Proof. Since (ur) — wu in L2(0,T), the sequence (|lug|l2) is bounded and Theorem 6.1.1 implies the
boundedness of G(uy) in H(0,T) uniformly in k. Thus, there exists a limit y € H(0,T)Y N C([0, 7))V
with G(ug) — y in H(0,T)" and due to the compact Sobolev embedding H(0,T) € C([0,TY)), it holds
that G(ur) — y uniformly on [0,7] for a subsequence. Lastly, one has to prove that y = G(u). Since
solutions to (6.4) are unique and given by the exponential formula (6.5), it is sufficient to show that y
fulfills this formula. This is an immediate consequence of the weak L?(0,T)-convergence of the controls,

and we obtain

¢ ¢
y(t) = lim G(ug) = lem exp (At + B/ ug(s) ds) Yo = €xp (At + B/ u(s) ds) yo = G(u).
o0 0 0

k—o0

By the standard argument from Lemma 1.4.3, one can verify a posteriori that this convergence also holds

without selecting a subsequence. This completes the proof. O

Lemma 6.1.3. G is arbitrarily often Fréchet differentiable as a mapping from L2?(0,T) to H*(0,T)".
Furthermore, it holds that

a) the first- and second-order derivatives at w € L?(0,T) in direction v € L?(0,T) are implicitly given
by the following systems of ODEs on [0,T):

€:=G'(u)v solves  &'(t) = (A+u(t)B)E(t) +v(t)BG(u)(t), &(0) =0,

X = G"(w)(v,v) solves /() = (A+u(t)B)x(t) + 20(H)BEWL),  x(0) = 0,

b) the solutions &, x € HY(0,T)N are bounded in H*(0,T)N by Cllull 2 IVll2 and Cyyy,, lv]|3, respec-
tively.

¢) G is locally Lipschitz continuous, i.e., for every uy,ug € L?(0,T) it holds that

[G(u1) = Gluz)lloo + [|G(u1) = G(ug) |t < Cluy o, Juafiz [lua = u2]l2-
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Proof. The differentiability follows by a standard argument with the implicit function theorem on Banach

spaces. We define the mapping
F:HY 0, 7)Y x L*(0,T) — C([0, T])N x RN,
P = (0 (10 =0~ [ (A4 u9B)(6) 5).5(0) = o)

where both components are arbitrarily often Fréchet differentiable. Due to Theorem 6.1.1, F'(y,u) = (0,0)
iff y = G(u), i.e., F(G(u),u) = (0,0) for all u € L?(0,T). Due to the linear structure of F' in y, it follows
by the Carathéodory theorem that the mapping

H'(0,T)N 3 € = D,F(y,u)¢ = (t = (e - /Ot(A +u(s) B)E(s) ds),f(O)) e C(lo, TN x RV

is an isomorphism. Hence, the implicit function theorem states that G is Fréchet differentiable, and
differentiating v — F(G(u),u) with respect to u gives the desired formula for G’(u). An analogous
procedure can be done to verify higher-order differentiability and the formula for .

Let us mention that one could prove this claim directly by calculating the Fréchet derivative of
t
L*(0,T) > urs G(u), G(u)(t) =vo +/ (A +u(s)B)y(s)ds.
0

Next, let us show Statement b). Since £ and x are solutions to affine linear differential equations, we find
H(0,T)-bounds similarly to the proof of Theorem 6.1.1. Let us define the fundamental solution to the

homogeneous part
t
Y (t) :=exp <At + B/ u(s) ds) eR™™  tel0,T].
0

Since Y'(0) is the identity matrix, £(0) = 0 and G(u)(t) = Y (t)yo, the solution & can be stated as

§(t):Y(t)/O Y(s)"'(v(s)BY (s)yo) ds, te€[0,T]. (6.6)

Furthermore, we can estimate the exponential matrix

t t
vl <o (Jare s [ uas]) < con ([ ueds) < g,

and an analogous estimate holds for Y (¢)~! for ¢ € [0,7]. Therefore, the L>(0,T)-bound of ¢ follows

from the pointwise estimate

€01 < YOUBL [ oY 6V ()30l ds < Cpaya,, [ Io(s)las.

This yields with y := G(u) the H'-bound

T T 9
/0 €02 dt = / (A + u(t)B)E(s) + v(s)By(s)| dt
< CIEIE + ClENZ ull? + [[0]21B ]2

Consequently, due to the L>~bound of y given by Theorem 6.1.1, we obtain [|{[|z1 < Cjy,[|v]l2. We can
argue similarly for the second Fréchet derivative y, which completes the proof of b).

In order to prove the Lipschitz continuity, let ui,us € L%(0,T). Define y; := G(u1),y2 := G(uz2) and
Su :=uy — ug, 0y :=y1 — y2. A straight forward calculation shows that dy € H'(0,T)N solves

8y’ = (A+u1B)dy + du Byy a.e. on [0,T], dy(0) = 0.
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This is equivalent to the equation for £ where dy = ¢ and du = v. Thus, we can repeat the estimates

from above and obtain the desired Lipschitz estimates

t
y1(8) = 12(0)] < Cllus il 20,0 Cliuzll 2., /0 lu(s) — uz(s)| ds,

lyr — velloo + ly1 — vl < Clluy o Cllus s U1 — u2l2.

This concludes the proof. O

6.2 Analysis of the optimal control problem

In this section, we analyze the optimal control problem (6.1)—(6.3). With the control-to—state map G, we
can introduce the reduced cost functional J(u) := J(G(u),u) for u € L2(0,T), and henceforth, consider

the unconstrained minimization problem (P)

i P
e T ®)

where yq € H?(0,T), yr € RY, a, >0 and v > 0 is given, and

A 153 ¥ «
J(w) = 16 @) ~ yall3 + Jull3 + SIG@T) - yrf
In this chapter, the subscript J in a constant C; means that C; depends continuously on

||yd||H2a |yT|aTaavﬁa7 and |A" ‘B‘

Before we perform first— and second—order analysis, let us ensure the well-posedness of the minimization
problem (P).

Theorem 6.2.1. Problem (P) admits at least one solution in the sense that there exists i € L?(0,T) such
that

J(u) = inf J(u)=:1T.
(@)= nf 7

Proof. The proof is standard due to the compactness of G and the quadratic form of J. Obviously,
J is bounded from below, and therefore, there exists a minimizing sequence (ur) C L2(0,T) with
limg_ 0o j(uk) =7 > 0. Since v > 0, we obtain the boundedness

lim sup z||uk||§ < limsup J(uz) = Z.
k—o0 2 k—o0
Thus, after selecting a subsequence, there exists a weak limit 4 € L?(0,T), and due to Lemma 6.1.2, it
holds that G(uz) — G(@) in L?(0,T). Taking both facts into account, we obtain that J is weakly lower

semicontinuous, i.e., J(@) < liminfj_,o J(uz). This shows that @ is indeed a minimizer of .J due to the
estimates Z < J(@) < liminfy_,s0 J(uz) = Z. This concludes the proof. O

In order to derive a characterization of solutions to (P), we need to analyze the derivatives of J. By
an application of the chain rule, J is as often Fréchet differentiable on L?(0,T) as G, and therefore, we
obtain for u,v € L%(0,T) and y := G(u), £ := G’ (u)v, x := G"(u)(v,v) the following
A T
J'(u)o = 5/ () = ya(t)) - £@) dt + a(y(T) = yr) - §(T) + 7{u, v)2, (6.8)
0

T
J" () (v, v) =BH§||§+B/O (y(t) = ya(t)) - x(t) dt + a(y(T) — yr) - x(T) + al&(D)* +vll5.  (6.9)
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Furthermore, since J is of class C* in L2(0,T), its derivatives are locally Lipschitz, and for uy,us €
L?(0,T) there exists C = Cy |ju,||a,|juy|» Such that for all v € L?(0,T) it holds that

' (ur)v = J'(uz)o] < Ollur = wsllzollz, 17" (ur)(v,0) = I (uz) (v, 0)] < Cllus — uz2|Jvll3.  (6.10)
Next, we need to define the concept of a (local) minimum.

Definition 6.2.2. Let u € L?(0,T), and for € > 0, we recall the following notation for the open L*-ball
B.(u; L?) = {u € L*(0,T) | |u— > < ¢}
We say that u is a

i) local minimum of J or the local solution of problem (P) if there exists € > 0 such that for all
w € B(u; L?) it holds that J(u) < J(u), and it is a strict local minimum if J(@) < J(u) for all
we B.(m I?)\{a}.

i) minimum of J or the solution of problem (P) if J(u) = .

Next, we recall a standard assertion for unconstrained minimization problems with smooth reduced cost

functionals. If @ is a local minimum of J , then
J'(@)v =0, velL*0,T).

Further, for given (y,u) € H'(0,T)N x L?(0,T), we introduce the adjoint variable ¢ € H'(0,T)" defined

as the solution to the following Cauchy problem with terminal condition
—q'(t) = By(t) — ya(t)) + (A+u(t) B)Tq(t), ¢(T) = a(y(T) - yr). (6.11)

We remark that this differential equation is affine linear in ¢, and one can show analogously to Section 6.2
that the adjoint problem is well-posed. We also refer to g as backward solution or co-state. Moreover,

the following lemma holds.

Lemma 6.2.3. The control-to—adjoint map
Q:L*0,T) — H*0,T)N nC([0,T])Y, wuw q solution to (6.11) with y = G(u)

is well-defined, compact (from L?(0,T) to L>=(0,T)" ) and locally Lipschitz continuous. Specifically, the
following estimates hold for all u,v € L*(0,T), t € [0,T]

1Q(w)[loo + 1R < Co gy llyalla.lull2
|Q(u)(t) — Q) (1) < Cllujja, vz It — v][2-

Furthermore, if u € HY(0,T) N C([0,T)), there exists a constant C; (depending on the given quantities
of the state equation and the cost functional J) such that the adjoint Q(u) € C*([0,T)) satisfies

Q)2 < CoCluj

Proof. The backward problem for ¢ (for given y) can be transformed into an initial value problem by
considering the function §(t) := ¢(T—t). Thus, existence and uniqueness of absolutely continuous solutions
q=Q(u) to (6.11) for u € L?(0,T) are again a direct consequence of Carathéodory’s existence theorem.
Since y and yg are continuous, and since (6.11) is an affine linear problem, the proof of Lemma 6.1.3 b)
and c) can be repeated to obtain the bound in the L®—and H'-norm and the Lipschitz continuity of Q
from L2(0,T) to L=(0,T).



102 Accuracy estimates for bilinear ODE—constrained optimization problems

Lastly, we prove compactness. For this purpose, let v € L?(0,7) and uj, — u in L?(0,T) as k — o0
be arbitrary but fixed. Due to the boundedness of ||uk||2 uniformly in k, the sequence (||Q(ug)|g1)ren
is uniformly bounded in k, and there exists a weak H' limit ¢ € C([0,T])". The compact embedding
H(0,T) € C([0,T]) implies that for a subsequence denoted by I C N, it holds that Q(ux) — ¢ uniformly
in [0,7] and strongly in L?(0,T) as I  k — oo. It is left to show that ¢ = Q(u). Now let I* be any
countably infinite subset of I and simply observe that for every k € N

T
Q(ur)(t) = (G (ur)(T) — yr) + /t (A +uk(s)B) " Q(ur)(s) + B(G(ur)(s) — ya(s))) ds.

The left-hand side converges to ¢(t) as I*  k — oco. Due to the compactness of G proven in Lemma
6.1.2 and the strong L? convergence of @Q(ug), the right-hand side converges to the desired limit as
I* 5 k — oo, that is,

T
q(t) = a(G(u)(T) —yr) + /t ((A+u(s)B) " q(s) + B(G(u)(s) — ya(s))) ds.

This proves ¢ = Q(u) by uniqueness. Since the set for the sub-subsequence I* was arbitrary, the
convergence Q(ur) — Q(u) holds without selection of a subsequence, see Lemma 1.4.3. This concludes
the proof of the compactness. Now let u € H'(0,7) and ¢q := Q(u),y := G(u). The H>-bound of ¢
follows by differentiating (6.11), taking the L?-norm and applying the H!-estimate of y from Theorem
6.1.1

lg"ll2 < Blly = yall2 + [A + uBllocllqll2 + [[[|2 Blllll oo
< B(ylles + lyallarn) +C QL+ [ulle) gl
This concludes the proof. O
In the following lemma, the optimality system is introduced which characterizes local minima.

Lemma 6.2.4. Let @ be a local minimum of J and define ij := G(@), ¢ := Q(u). Then, the triple (a,7, p)
satisfies for t € [0,T) the following optimality system

y'(t) = (A+a(t)B)y(t), y(0) = yo, (6.12)
—q'(t) = (A+u(t)B) " q(t) + BH(t) — ya(t)), q(T) = a(y(T) — yr), (6.13)
0 =~a(t) +q(t) " By(t). (6.14)

Proof. Equations (6.12) and (6.13) hold due to the definition of the G and Q. Now recall the fact that
j'(ﬂ)v =0 for all v € L?(0,T), where J' is given by (6.8). Consequently, (6.14) follows directly by testing
the equation for the adjoint (6.13) with £ = G'(@)v € H'(0,T) from Lemma 6.1.3 and then integrating
by parts as this implies

B = ya, §)2 = (G, vBy)2 + (T)(T),
and thus, J'(@)v = v(@, v)2 + (T B, v)s. From this variational formulation, we obtain equation (6.14)

a.e. on [0,7T] by the fundamental lemma of calculus of variations. O

Due to the optimality system (6.12)—(6.14), we deduce higher regularity of a local minimum of J as
follows.

Corollary 6.2.5. Let @ be a local minimum of J. Then, the functions @, § := G(@) and § := Q(u) have
the higher regularity C?([0,T)), and the following implicit equation holds for t € [0,T)
1

u(t) = —;q*(t)TB y(t). (6.15)
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Furthermore, we have the following estimate

[allz < Cyllgl e ([9] -

Proof. The first claim follows by a bootstrap argument. Since # € L2(0,T), the functions G(u) and
Q(u) are at least in H'(0,7)N. Now, the assumption v > 0 together with equation (6.14) and the
fundamental lemma of the calculus of variations yield u = —%(ITB 7 almost everywhere on [0,7]. This
implies 4 € WH1(0,T) N C([0,T]) after (possibly) changing @ on a set of measure zero; note that this
procedure has no effect on G(a), Q(u) or J(u). Therefore, all coefficients of the affine linear system
(6.12)—(6.13) are continuous, and thus, by standard ODE theory, we obtain that 3, g € C1([0,T])". Once
again, we make use of the above representation of @ which yields C'-regularity. Since the target state
ya has H?-regularity, we can repeat this procedure one more time to conclude i, € C?(]0, T])N , and
therefore, we deduce that u € C%([0, 7).

The bound on % in the H'-norm is obtained by taking the derivative of its implicit representation

'l < (lld" yllz + o' ll2) 1Bl < (g l2llylloe + llalloolly'll2) | BI. (6.16)
This concludes the proof. O

Notice that Corollary 6.2.5 allows us to differentiate @ with respect to ¢, and hence we obtain with (6.12)
and (6.13)

et = ()T By(t) +a() By ()

= —((A+ 5B a0) + B50) — va(t))) Ba(®) +a(t) B (A+a(0)B)5()
= —a(t) (A+a(®)B)Bg(t) - B() — ya®) BI(t) +a(t) B (A+a(t) B)g(t).

which implies, if AB = BA, the following representation

a(t) = §<g<t> () TBE(t), te0,T).

The right-hand side is independent of the adjoint, and therefore, it can be interpreted as an (infinitesimal)

feedback—mechanism for an optimal control. Similarly, at the final time we have
_ [ 29 _
uT) =~ @(T) - yr) " By(T),

and if 8 = 0, then every optimal control is constant (with this value). Another consequence of the
implicit equation is a (standard) uniqueness result for optimal controls if v is sufficiently large compared
to the data A, B,T,yq4,yr. Furthermore, we have proven the following integro—differential equation for

minimizers.

Corollary 6.2.6. Consider the set Uy := {u € C*([0,T]) | u solves (6.17)—(6.18)}, where

)= (e (8 [ ats)ds) o - ato)
u(T) = —% (eAT exp (B /OT u(s) ds) Yo — yT> ' BeAT exp (B /OT u(s) ds) Yo- (6.18)

If A, B commute, then every local minimizer @ lies in Uy and Uy = ker(J").

T

BeAtexp <B /O t u(s) ds> Yo, (6.17)
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Corollary 6.2.5 can be quite useful if one considers the case « =0 or 5 =0. If 5 =0 and « # 0, we have
u' =0 on [0,7] and hence the constant value of the control can be directly computed from (6.18), that

is, find the unique = u(T) € R such that
a
z = —2 (ATBTw

T
) BeATeBTaz
~

Yo —Yr Yo-

Furthermore, we have proven uniqueness of the minimizer in that case, since J cannot have any other
critical points.

In order to obtain error estimates, coercivity of the quadratic form v — J”(-)(v,v) in a neighborhood of a
strict local minimum % is necessary in the sense that there exists e, A > 0 such that J” (u)(v,v) > Aljv|3
for all v € L?(0,T) and u € B.(u;L?). Due to the non-linearity of the control-to-state map, it is
in general difficult to transfer the convexity in w of our cost functional J to the desired second—order
conditions of the reduced cost functional J. However, in our specific case, we can exploit the bilinear
structure of the state equation and make use of results of modern theory of second—order analysis for

non—convex minimization problems as given in [21].

6.3 Second-order analysis

It is the aim of this section to apply Theorem 1.3.6 to our optimal control problem. For that purpose,

we need to verify the following properties of J.
Lemma 6.3.1. For all (ug), (vi) C L*(0,T) with ux, — u and vy — v in L*(0,T), it holds that
a) J'(w)v = limp_se0 J' (up)vp ;
b) J"(u)(v,v) < liminfr_eo J” (u) (U, vk) ;
¢) if v =0, then yliminfy_, o0 k]2 < iminfy_ oo J” (u)(vg, vk).
We remark that the second derivative of .J at u is a bilinear mapping from L2(0,T) x L2(0,T) to R.

Proof. Recall that for u,v € L?(0,T) and y := G(u), £ :== G'(u)v, x := G" (u)(v,v),
J'(u)o = 5/0 (W) —ya(t)) - &) dt + a(y(T) — yr) - &(T) + 7 (u, )2, (6.19)

T
J"(u)(v,0) = BlIEN15 + 5/0 (y(8) = ya(t)) - x(8) dt + a(y(T) = yr) - x(T) + al&(T)* +~llv]l3.  (6.20)

First, notice that the Lipschitz continuity (6.10) implies — if the limits exist —

lim J'(ug)vp = lim (j’(uk) - j’(u)) v + lim J'(w)vp = lim J'(u)vy. (6.21)
k—o00 k—o00 k—o0 k—r o0
Similarly, we have liminfy_, .. j”(uk)(vk,vk) = liminf;_ o j”(u)(vk,vk). Next, let us define & :=

G'(u)vg, xx = G"(u)(vg,vx) for & € N. Analogously to the compactness of G, one can show the
convergences &, — &, xx — x in L?(0,T) and uniformly on [0,7]. This is obviously sufficient for the
convergences J' (u)vy, — J'(u)v and liminfy_, o J” (u)(vg, vx) > J”(u) (v, v); for the latter, recall the weak
lower semicontinuity of the L?-norm. This fact together with equation (6.21) proves the assertions a)
and b) of Lemma 6.3.1.

In order to prove c), let vy — 0 in L2(0,T). The above convergence results imply &, x — 0 in L2(0,7)
and uniformly on [0, 7], and thus,

T
BlIgell3 + 5/0 (y(t) = ya(®)) - xa(t) dt + a(y(T) = yr) - xx(T) + alée(T)* = 0, &k — oc.
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This immediately implies v liminfy o |og]|3 = liminfy_, o J” (u)(vk, vx) which concludes the proof of
Lemma 6.3.1. O

The following theorem states that, in our setting, the positive definiteness J”(@)(v,v) > 0 is a sufficient
second—order condition for u. It is a consequence of Lemma 6.3.1 and Theorem 1.3.6; notice that in our

case there are no box constraints on the controls.

Theorem 6.3.2. Let i € L2(0,T) fulfill the second-order condition J" (@)(v,v) > 0 for allv € L0, T)\{0}
and j’(ﬂ) =0 on L?(0,T). Then, @ is a strict local minimum of J, and there exist €, 6, A > 0 such that
for all u € B.(u; L?) the following holds:

i) the quadratic growth condition J(u) + Slu—al} < J(u);
i) if J'(u)v = 0 for all v € L2(0,T), then u = u;
iii) local coercivity of the second derwative J” (u)(v,v) > L[v|13 for all v e L*(0,T).

This section concludes the analysis of the continuous optimal control problem. Next, we focus on its

discretized counterpart.

6.4 Finite element discretization of the forward and backward problems

In this section, we introduce a linear finite element discretization scheme for the forward and backward
problem. For this purpose, we define a uniform grid on [0, 7] with K € N subintervals of length At := T/K
and the grid points

t; :=iAt fori=0,..., K.

On this grid, we introduce the following finite-dimensional spaces of polynomials
PY = {4 : [0,T[— R | ¢ is constant on [t;, t;11][,i =0,..., K — 1} C L*(0,T),
P :={¢ € C([0,T]) | ¢ is linear on [t;, t;11], i =0,...,K —1} ¢ H(0,T),
Pk = {o [ ¢, 6 € Pi}.

We refer to P}, as the space of continuous, piecewise linear polynomials and to Pz as the space of
continuous, piecewise quadratic polynomials. Notice that the set of hat functions {¢; | i =0,..., N} at

grid points ¢; forms a basis of P}, where for i = 1,..., K — 1, we have
(t — ti_l)/At, t e [ti—17 ti[,
Gi(t) = { (tiv1 —1)/At, t€ [ti,tinl, (6.22)
0, else.

Further, at the end points, we have

(tl—t)/At, t e [O,tl[, (t—tK,1)/At, te [thl,T[
Po(t) = and  Yi(t) = (6.23)
0, else, 0, else.
The maps Projy : H'(0,T) — P} and Proj% : H'(0,T) — P2 denote the L?-orthogonal projection from
(continuous) H'(0,T) functions to continuous and piecewise quadratic functions. There exists C = Crp
such that

If = Prok (Nll2 < Cllfla= K2, |If = Projkc(Dllm < ClflmK ™", feHXO0,T);  (6.24)
I~ Progkc(Dlla < ClF I K™, Jim_|[If — Projk ()l =0, feH'(0,T);  (6.25)
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for a proof we refer to [33, Proposition 1.5]. The same convergence rates hold for Proji.

Next, we introduce the discrete control-to—state map G : L?(0,T) — (PL)Y and the discrete control-
to—adjoint map Qx : L?(0,T) — (PL)N: For given u € L2(0,T), find yx,qx € (PL)Y such that, for all
1=0,..., K, it holds

(Yks Yi)2 = (A +uB)yx, ¥i)a, (6.26)
—(qkc i)2 = ((A+uB) i + Bk — Ya, i), i)z, (6.27)

with yx(0) = vo, qx(T) = a(yx(T) — yr) and ygx := Projk(ys). This setting (formally) defines the

mappings
GKa QK . L2(07T) — (Pll()Nv GK(“’) =YK, QK(U') =d4K-

Notice that the well-definedness of u — Gg(u), Qk(u) follows if K is sufficiently large compared to
|Al,|Bl,||u]|2. This can be seen by performing the integrations in (7.6)—(7.7). Thus, these variational
equations become implicit (algebraic) equations for the grid values yx (¢;), ¢i (¢;) for ¢ = 0,..., K, when
the values yg (¢;), qx (tg) for j < i, ,k > i are known. For y' := y(¢;) we obtain for i = 1,... K — 1 the
left—hand side of (7.6)
1., -
(y}odh’)z = 5(3/“'_1 -y 1),
and for the right—hand side

_AE i i ikl /t t—tin  (t—ti1)? i1
(A+uB)yk, Y2 = Ay +4y" +y™) + - ult) | —x; A dt By
: fita tiv1 —t  (tigq —t)? ;
2 4 i+1 _ \ViA41 i+1

with obvious modifications for ¢ = 0 and ¢ = K. Analogous equations can be obtained for (7.7). We can
uniquely solve the equations for yx (¢;) and qx (¢;) if the integral of u over [t;,t;11] is sufficiently small.

In the special case of piecewise constant controls, (7.6) becomes for i =1,... K —1
i+l i—1 1 i—1 i1, 4 i, 1 it+1 i+l
Yyt -yt = At g(A+u By +§(A+uBy)+§(A+u B)y ,

which in the framework of linear multistep methods is known as the Milne-method; see Lemma 6.9.1.
It is sufficient for our analysis to define Gk, Qk on some set {u € L?(0,T) | ||ull2 < R}; see below (6.31)
for the definition of R. This yields the following well-definedness result:

Lemma 6.4.1. There exists Ky € N such that for all K > K\ the mappings Gk, Qx are well-defined for
controls from the set {u € L*>(0,T) | |jull2 < R}.

In the following we assume Ky = 1 for shorter notations. If u is a piecewise polynomial, we can carry out
all integrations in the variational formulation (7.6)—(7.7). As demonstrated in Section 6.9 for u € P%,
we obtain an implicit, linear multistep scheme [18, Chapter 4] for the grid values of yx and qx. We refer
to [36, Chapter 3.3] on the connection between finite elements and finite difference schemes in general.
Next, we examine its accuracy. First, notice that our first—order problem and its finite element formulation
differs from the classical case for elliptic equations that satisfy the usual coercivity condition. In this
setting, second-order accuracy holds for L?-controls u by an application of (6.24) and Céa’s lemma,
cf. [20] and [61, Chapter 14]. In our framework, we have second—order accuracy results for Gx and Qg
at least for smooth controls u € C%([0,77)

1G  (w) = Gu)ll2 + Qr (1) = Q)2 < Cpar K2 (6.28)



6.5 A variational discretization of the optimal control problem 107

This is proven in Lemma 6.9.1 from Section 6.9 by using (6.24) and with techniques from linear multistep
methods. For piecewise polynomials ux € P%, however, the corresponding exact solutions G(ug) and
Q(ux) only belong to H?(0,T) and it seems difficult to prove or find second-order accuracy results in
that case. In Lemma 6.9.2 from Section 6.9, we are able to show that at least first—order accuracy holds
for ugx € P%, that is,

G (ure) = Glur)ll2 + [[Qk (ur) = Qur)ll2 < Cllu,,, K7 (6.29)

with 0 = 1. In view of (6.24), (6.28) and the numerical evidence presented in Section 6.9, it seems
reasonable to assume that (6.29) with o = 2 can be shown with a more sophisticated approach.

The Fréchet derivative of Gk : L2(0,T) — R can be obtained analogously to the continuous case. Hence,
for u,v € L%(0,T), we have that £ := G’ (u)v satisfies the following problem

(&re 0i)a = (A4 uB)&x,bi)a + (WBYK, )2, Ex(0)=0, i=0,..., K. (6.30)

6.5 A variational discretization of the optimal control problem

Central to the idea of a variational discretization scheme is the following observation. If the discrete
state and adjoint belong to a finite element space, then the minimizer of the discrete cost functional also
belongs to a certain finite element space. In other words, we only have to discretize the control-to—state
and control-to—adjoint map but not the space L2?(0,7) over which we minimize, and we still obtain
that local minimizers of this (semidiscrete) problem belong to a finite-dimensional functional space. In
our case, this approach works due to the bilinear structure of the problem, and the key idea is taking
advantage of the implicit formula of local minimizers.

To start, we introduce the discretized reduced cost functional Jx. For this purpose, we replace the
continuous quantities G(u) and yg with their discretized, finite-dimensional counterpart. This gives rise

to the functional
Ji : L*(0,T) = R,
7 _B T 2 2 2 @ 2
Ty =5 [l (®) = yarcOF de -+ 2l + 5y (T) — yrP, (631)
0

where yx = Gg(u) and yg x = Projk (ya) are (PL)N functions. If we look for minimizers ax of Jx,
we obtain an upper bound R > 0 for ||ik||2 by calculating Jx (0), since all the terms in (6.31) are non—
negative. The bound R depends on |A|, |B|, |yall 1, |yr], @, 5,7 but not on K. Analogously to Theorem

6.2.1, one can prove existence of minimizers.

Lemma 6.5.1. The semidiscrete optimal control problem (we call it in this instance semidiscrete because
we did discretize the state space but not the control space L*(0,T))

i J P
i JK (u) (Pk)

admits a global minimizer Uy, i.e. jK(aK) = inf,er2(0,1) jK(u)

The next step is to analyze the functional structure of solutions to (P ). For this purpose, the following
theorem states that for our bilinear optimal control problem with piecewise linear discretization in the
forward and backward problem, the space of piecewise quadratic polynomials is the natural discrete
optimization space. In fact, we conclude that the discrete optimality system and the discretized optimality
system do coincide with our choices of finite element spaces. Notice that the concept of local minima of
Jx (over L2(0,T)) is defined analogously to Definition 6.2.2.
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Theorem 6.5.2. Let Gi,Qk be given by (7.6)—(7.7). Then the reduced cost functional Jx is Fréchet
differentiable from L?(0,T) to R. Further, let ux € L*(0,T) be a local minimum of Jx, and define
Uk = Gk (uk), 4 = Qk(tx). Then the following holds:

a) For every u € L*(0,T), we have

J}((U)U = ")/<fL, U>2 + <qI—;ByKa ’U>2, S LZ(OvT)a (632)

where yi = G (u), qx = Qi (u).

b) For every u € L*(0,T), the first-order derivative Ji(u) € L*(0,T) can be identified as a L?(0,T)

function that has the pointwise formula
Tic()(t) = yu(t) + ax (1) Byx (t), fae te0,T),

where yi = Gr(u), g = Qk(u).
¢) ux belongs to the finite-dimensional space P% and has the representation

i (t) = —%QK(t)TB Ir(t), te[0,T). (6.33)

Specifically, the minimization problems of Jx over the finite-dimensional space P% and over

L?(0,T) are equivalent in the following sense:

@€ L*(0,T) is a local minimum of Jx lL2(01) &= U € P2 is a local minimum of Jx |7;§< .

Proof. The Fréchet differentiability of G implies the differentiability of Jx on L2(0,T) by an application
of the chain rule. For u,v € L?(0,T), we define x 1= G (u)v € (PL)Y and yx := Gk (u), and we obtain

the following formula

T
Tic(u)o = 5/0 (wre(t) = ya,x (1) (t) dt + a(yx (T) = yr)sx (T) + 7 {u, v)2.

Next, we derive the representation of Jy (u) via the discrete adjoint gx = Qg (u); similarly to the

continuous case. To this end we need to show that the following holds

Blyx — ya i, Exd2 + a(yx (T) = yr)éx (T) = (g By, v)2 v e L*(0,7). (6.34)

First, recall the equations (7.7) and (6.30) that determine gx and {x. Due to the linearity in v;, and
since {¢;} form a basis of P, we obtain for all ¢ € (Px)" the following

—(@x. 92 = (A+uB) ax + Bk — Yax) d)2, ax(T) = (G (T) — yr), (6.35)
(k> D)2 = (A+uB)ek, d)2 + (VB Tk, ¢)2, Ex(0) =0. (6.36)

Consequently, we obtain (6.34) if we test (6.35) with ¢ = £ € (PL)Y, partially integrate and test (6.36)
with ¢ = g € (P%)". This yields the variational representation

j}((u)v = ’Y<U,’U>2 + <QI—EB yKav>2; for all U,V € Lz(OvT)

We apply the Riesz representation theorem and the fundamental lemma of the calculus of variation to

find that v — J) (u)v can be represented as L2(0, T)function with pointwise formula

Jhe(u)(t) = yu(t) + qx (t) ' Byk (t), fae. t€[0,T].
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This concludes the proof of part b).
Now let ug € L?(0,T) be a local minimizer and let §x := G (ux),dx = Qx (iir). Therefore, it must

hold Ji (ax)(t) =0, i.e.
1
'L_LK(t) = 7;(?K(t)TB gK(t), faae. te [O,T]

Apparently, the right—hand side is the product of piecwise linear polynomials. Therefore, we obtain
formula (6.33) and ux € P% after (possibly) modifying @k on a set of measure zero. The last claim
follows from the inclusion P2 C L?(0,T). O

Our main steps for deriving error estimates are presented in the next section.

6.6 Convergence of optimal controls of the discretized problem

First, we present preliminary results for our error estimates by studying the convergences as K tends to
infinity of the discrete maps G, Qx, J o and the local discrete minima @x. We start with the discrete
control-to—state and discrete control-to—adjoint maps. Recall that local minima of J and J are elements
of C2([0,T]) and P%, respectively.

Lemma 6.6.1. The following holds for local minima u and ux of J and Jx, respectively:

a) there exists c) = Crllal y llax > 0 such that for all K € N
1G(@) = Gr(ux)2 + Q@) - Qi (k)2 < CV (K72 + |lu — uk|2) ;
b) let (ux)xen with ux € Py UP% and uxg — @ in L*(0,T) as K — oco. Then it holds that

J(u) < liminf Jx (ug),

K—oo

and we have strong convergences of the sequences

Gi(ug) = Gu), Qx(ug)— Qu) in L>*(0,T) as K — 0.

Proof. Assertion a) follows from the triangle inequality by inserting G(iux) and Q(ux ), respectively, and
then exploiting the Lipschitz continuity of G and @ and the convergence rate for G and Q given in
(6.29).

The strong convergences from part b) follow, after inserting the terms G(uk), @(ux) and making use of
the triangle inequality, from the compactness of G and Q; see Lemma 6.1.2 and Lemma 6.2.3. These
results, together with ysx — yq in L(0,7) and ||u||3 < liminfg oo [|uk]|3, imply with (6.31) the
desired estimate J(@) < liminf g, Jx (ug) and the proof is complete. O

Next, we provide convergence results for the reduced gradient.

Lemma 6.6.2. Let u and ug be some local minima of J and Jg. Then, there exists C?) =
Cllaslyi.lall,: > 0 such that for all v € L*(0,T), it holds for u € {ux,u} that

|(Jicae) = J'(w) v] < € (K72 + e = ull) Ilo]-
Proof. First, recall the reduced gradients for u € {ug,u}

Jic(ur)v =Yg, v)2 + (Qk (k) B G (tik ), v)2,
Y(u,v)2 + (Q(u) ' BG(u),v)s.

S
=
<
i
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Therefore, by the Cauchy-Schwarz inequality, it follows that
|(Jictaxe) = 7' () o] < Al = ullalJoll2 + |Quc(xe) " B Guc(ixe) = Q) " B Glwlo]l

Due to Lemma 6.6.1 and using triangle inequalities, we can estimate the last term against C(l)(K 24

g — u|l2) which concludes the proof. O
[ ll2) p

The following theorem establishes the relationship between the discrete minimizer g € P% of problem
(Pk) and the minimizer @ of the continuous problem (P). We remark that this is where the second-order

results of Section 6.4 enter most strongly.

Theorem 6.6.3. The following results hold:

a) Let w e L2(0,T) be a strict local minimum of J. Then there exists a sequence of local minima g
of (Px) such that i — @ in L?(0,T) as K — co.

b) For K € N, let g be a solution of (Pg). Then there exists i € C%([0,T]) solution of (P) with
g — 4 in L*(0,T) as K — oc.

c¢) In both cases a) and b), the sequence () is bounded in H', uniformly in K. Therefore, the
constants C) and C? from Lemma 6.6.1 and 6.6.2 are independent of K .

Proof. We use the following well-known results for the L?~Hilbert space in part a) and b): Let fx — f and
gr — g both in L?(0,T) as k — oo. Then it holds that (fx, gx)2 — (f, g)2. Furthermore, || fx|l2 — || f]l2
if and only if fp — f strongly in L2(0,T).

We start with the proof of a). First, we denote with € > 0 the radius given by Definition 6.2.2 for the
strict local minimum @ of .J. Thus, for every 0 < &’ < ¢ it holds that

J (i) = min {j(u) | u € Bo(i; L?)} ,

where we denote by B/ (i; L?) = {u € L?(0,T) | ||lu — u|/z2 < €'} the closed ball around @ of radius
¢’ with respect to the L?(0,T)-norm. We construct the discrete local minima sought by considering for
¢’ := /2 the problem

min {jK(u) | u € P& N Bo (4 L2)} . (6.37)

There exists N. € N sufficiently large such that for all N > N., we have the estimate ||@— Proj% (@)||z> <
¢’. Thus, P% N B (u; L?) is non—empty, and we conclude the existence of a solution 4y to (6.37) for
every N > N_s.
Notice that at this point, we cannot claim that the solution @ is a local minimum of Jx in the sense of
Definition 6.2.2, since possibly @k is on the boundary of the ¢’~ball from (6.37). However, because @ is a
strict local minimum, in the following we show that % — @ in L?(0,T)), which implies that @ix is in the
open ball for sufficiently large K and therefore is a local minimum of Jx. For this purpose, we see that
(ix)N>n,, is bounded in L*(0,T) by [|@ z2 + ¢’ uniformly in K. Therefore, there exists a weak limit w
contained in the L?closure of the ball, i.e, w € B (@; L?). If we can show that J (@) = .J(w), then the
local uniqueness result, see Theorem 6.3.2 i), implies & = w. To this end, notice that

J(w) < liminf Jg (i) < limsup Jx (Proj% (w)) = J(w) < J(w),

K—o0 K—oo

where we used Lemma 6.6.1 b) for the first estimate. In conclusion, we have shown that @x — 4 in
L?(0,T) after selecting a subsequence with indices in S C N.
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Next, we prove convergence of the norms |||z — ||@|2, from which the required strong L?-convergence
follows. For this aim, recall that gx = Gr(ix) — ¢ := G(a) and §x = Qr(ux) — ¢ = Q(u) in
L>(0,T) due to Lemma 6.6.1 b). On the other hand, notice that @ being a local minimum of J and g
being a minimum of Jx in P% N B (u; L?) imply the following

= J'(@v = y(@,v)2 + (7" By,v)2, v e L*0,7), (6.38)
< Jg(ug)(u— k) = v(tk,u — k)2 + (G Bk, u — Uk)2, u€ Px N Beo(u;L?). (6.39)

Testing equation (6.38) with v = @ and inequality (6.39) with u = Proj% () gives

2 L+, 2N
a3 = —;@TB gz, |laxll3 < (ux, Proji ()2 + ;<qu<B yrc, Projic (i) — tirc ).

This result yields the desired convergence of the norms for K € S, K — oo

_ _ _ 2 1+, 2
lacll3 — llall3 <(ux, Proji ()2 + §<q;T<B yrc, Projic ()2

1
- ;(@;B UK, g )2 4+ (G BY, 1) — 0.

The latter scalar products converge since both ¢ By — ¢' By and Proj% (@) — @ strongly in L2(0,T)
as K € S, K — oo. Hence, we have proved iy — @ in L?(0,T).

A consequence of this convergence result is that all @k have to be in the interior of the ball P% N B,/ (u; L?)
for all K € S sufficiently large. Therefore, ux has to be a local minimum of jK, i.e., there exists ¢* > 0
such that

Jx(iix) = min {jK(u) | u € P2 N B.- (iik; LZ)}. (6.40)

Next, we prove assertion b) and consider the sequence (@i )xen of solutions of (Pg). First, we need a
uniform bound in L2(0,T) of this sequence. This follows from Jx (ix) < Jx(0), after inserting G(0),
which simply is the solution of ¥’ = Ay with y(0) = yo. This yields

Yuklz < = BlGk (ux) — ya,x |l — a| Gk (ur)(T) — yr|?
+ BlGk (0) — ya kI3 + alGx (0)(T) — yr|*
<BIGk(0) — ya k3 + a|Gx (0)(T) — yr|> < Cy.

In conclusion, ||ux||3 is bounded by a constant depending only on given quantities. Hence, there exists
a weak limit w € L?(0,T). Now, let & € L?(0,T) be the solution of (P). Analogously to a) we obtain

J(w) < liminf Jg (ig) < limsup Jg (Proj% (w)) = J(@) < J(w).
K—oo K—oco

Notice that, in this argument, it is essential that @x and u are not only local but global minima of (Pg)
and (P), respectively. This implies that #x — @ in L2(0,7T') for a subsequence, which consequently yields
G — § and §xg — q in L>°(0,T). Due to the fact that J'(@) = 0 on L*(0,T) and Ji (ig) = 0 on PZ,
we conclude that

yl[al3 —vllakll3 = —(@" By, a)2 + (0B Y. )2
=(q' By, ux — )2 + (@ Byx — @B Y, k)2 — 0.

This implies the strong convergence iy — % in L?(0,7T) (for a subsequence). Furthermore, both in a)
and b), it follows by the standard argument from Lemma 1.4.3 that @ — @ holds without selection of a
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subsequence. Lastly, recall that local minima of J have the higher regularity C2. This result completes
the proof of assertion a) and b).

Part ¢) follows from the implicit formula for @k stated in Theorem 6.5.2 with analogous estimates as in
(6.16). The functions x, x are uniformly bounded in the H'-norm due to the fact that iy is uniformly
bounded in the L?-norm. O

Notice that the parts a) and b) of Theorem 6.6.3 can be proven analogously for (suitable) other discrete
spaces for the control. This is due to the fact that we do not exploit the discrete implicit formula for u g
and we make no statement about convergence rates.

Based on the L?-convergence results stated in Theorem 6.6.3, we can prove the following.

Corollary 6.6.4. Let @ fulfill the sufficient second—order condition and let A,e > 0 be given by Theorem
6.3.2. Furthermore, let (ix)xen C L*(0,T) and K. € N such that ||ux — 2 < /2 for all K > K..
Then for all K > K., it holds that

Sl —arcl < (J'ax) — J'@) (arc ~9)

Proof. Taking v = i — % in Theorem 6.3.2 iii), it holds that

A

Flla—axls < J"(w)((ax — ), (ax —u))

for every w € Be(u; L?). Furthermore, by the mean value theorem, for every K € N there exists some
Ak € [0, 1] such that for wi := At + (1 — Ag)uxk, we have

" wie) (ax — ), (ax — @) = (J'(ax) — J'(w)) (e — ).

Since wx € B.(u; L?) for K > K., the claim follows. O

6.7 Accuracy estimates

In this section, we use the results presented above to prove second—order accuracy of the optimal control
computed with the finite element method. The following theorem improves the statements of Theorem

6.6.3 and is the second main result of this chapter.

Theorem 6.7.1. Consider the following two cases:

a) Let u fulfill the sufficient first— and second—order conditions of the minimization problem (P) from
Section 6.2, that is J'(@)v = 0 and J"(@)(v,v) > 0 for all v € L?(0,T)\{0}. Let (ix)rxen be the

sequence of local minima of Jx given by Theorem 6.6.3 a).

b) For K € N, let ux be a solution of (Px) from section (6.5) and let @ be given by Theorem 6.6.3

b). Furthermore, let @ fulfil the sufficient second—order condition.

In both cases, there exists C > 0 depending (continuously) only on |A|,|B|, |yo|, T related to the state
equation and on 7, B, «, ||yallmz, |yr| related to the cost functional J, such that

i — tg|ls < COK 2. (6.41)

We remark that the rate K =2 has to be replaced by K ! if o = 1 in (6.29).
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Proof. The starting point of the proof is the estimate from Corollary 6.6.4. Notice that j}((ﬂK)v =0 for
all v € L?(0,T) by Theorem 6.5.2. Thus, we obtain the estimate

%Ha —axl} < (J(@) = I ) @ - ax) = (Tie(ax) = J'(ax) ) (@ - ax). (6.42)

We recall the uniform bound ||ik||g: < Cy from Theorem 6.6.3 ¢). Now, we apply Lemma 6.6.2 with
v = U — Uk and conclude that

A o
§||ﬂ—ﬁK||§ < CyK ||t — k2.

This yields the desired second—order accuracy estimate || — tix|2 < Cy K2, O

6.8 Accuracy estimates with box constraints on the control

In this section, we extend our analysis of accuracy to the case of a finite element approximation to a
control-constrained optimal control problem. For the case where the controls are assumed piecewise
constant, we prove the estimate || — x|l < CK~7 with ¢ = 1, whereas in the case of continuous
piecewise quadratic controls we obtain o = 2 if we assume second-order accuracy in (6.29).

We focus on the optimal control problem discussed in the previous sections with the addition of bilateral

box constraints that define the following set of admissible controls
Und :={u € L*(0,T) |a <u(t) <b fae tec]0,T[}

with —co <a < b < .
Therefore, based on our construction of the control-to—state map and of the cost functional, our optimal
control problem is defined as follows

i, 700 (e

The first—order necessary condition for a local minimum u € U,q becomes a variational inequality of the

form
J'(@)(v—1u) >0, v&Uy. (6.43)

Consequently, Corollary 6.2.5 must be adapted. The reason is that @ is in general only Lipschitz contin-

uous and satisfies the following equation

a(t) = max {a,min {b, —%(j(t)TB y(t)}} , te€0,T]. (6.44)

Clearly, some steps in our analysis cannot be directly performed in this case. Specifically, one cannot
transfer the proof to deduce (6.44) from (6.43) for the discrete case with piecewise quadratic controls,
and an implicit equation for the discrete local minima like in (6.33) from Theorem 6.5.2 seems difficult
to obtain.

One can also see that the inequality condition (6.43) impacts our accuracy analysis, in the sense that the
local coercivity J”(u)(v,v) > 4v||3 does no longer hold for all v € L?(0,T) but on a subset C7 given
below. Consequently, since we set v = @x — @ in the proof of Corollary 6.6.4, we have to verify that the
sequence (ux — @) is in C7 for K sufficiently large.

With these preparatory comments, we start our discussion of the optimal control problem (P,q). We
remark that all properties of the control-to—state and control-to—adjoint map remain valid, as well as
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Theorem 6.2.1 which states the existence of an optimal control. The definition of a (local) minimum of
(P,q) is the same as in Definition 6.2.2 with the addition that % € U,q and the set B.(u; L?) has to be
replaced by U.q N Be(@; L?). Next, equation (6.14) of the optimality system has to be adapted. For this
purpose, let us focus on a local minimum @ of (P,q) and define

®(t) :=~ya(t) + Q(a)(t) ' BG(a)(t), tel0,T]. (6.45)

By testing (6.43) with proper v € U,q one obtains for ¢ € [0,T] the following implications that give rise
to the formula for @ given in (6.44):

D(t) >0 = a(t) = aq,
D(t) <0 = u(t) = b, (6.46)
a<u(t)<b = ®(t)=0.

Next, concerning the accuracy analysis, we have that Lemma 6.3.1 remains valid if v, v € U,q. In order
to reformulate Theorem 6.3.2, we follow [21] and define the following sets for a local minima @ € U,q and
7> 0. We have

9!
S

={Av—a) | A>0,v €U},
=5 N {U € L2(0,7) | |J'(@)v] < T||UHQ},

>0, ifalt)=a (6.47)
= v e L%0,T) | v(t) <0, ifa(t)=>

—0, if|®t)]>T

13

For our bilinear optimal control problem, it can be shown with standard techniques that E2 = C2 since

~v > 0. The sufficient second—order condition for a local minimum @ € U,q now reads
j"(a)(v,v) >0, veCA\{o0}. (6.48)
This fact implies the local coercivity of J , in the sense that there exists d,¢, A,7 > 0 such that
J" () (v,v) > %HUH%, v € CT, u € Uyg N Be(w; L?). (6.49)

For later use, we remark that ET C C’gﬁ, since for v € E it holds that

T
(@] = / B (8)o(t)] dt < T/ lo(®)] dt < VT ol (6.50)
{teo,T]l|2(t)|<7} 0
This remark concludes our discussion of the continuous problem with box constraints.

Next, we investigate the discrete finite element approximation to our control-constrained optimal control
problem. We see that the properties of the discrete control-to—state map and control-to—adjoint map
(6.28)—(6.30), as well as the definition of the reduced cost functional (6.31) remain mostly unchanged.
Analogously to the continuous case, Theorem 6.5.2 and the implicit equation for a local minimum g
have to be adapted as discussed below.

We start with the case of piecewise constant controls in the space
PO = {4 :[0,T[— R | 1 is constant on [t;, t;1[,i =0,..., K — 1} € L*(0,T).
For a local minimum g € Uyq N PY, we define

P (t) := v (t) + Qx (ur)(t) BGk(ux)(t), tel0,T], (6.51)
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and the Fréchet differentiabilty of J implies the necessary condition J} (g )(v — ax) > 0 for all v €
Uaa N 77?(. The choice of piecewise constant controls allows us to test with the indicator function on the
interval [t;, ;1]

t = o(t) =1, 4,,,((t) € Pk

Thus, it holds for all ¢ = 0,..., K — 1 and all numbers z € [a, b] that

/:M Oy (t)dt (x - ai() >0,

where we use the notation a4, = tix (t;).

Next, we introduce the following mean values within one discrete time interval

tit1
S; = i/ —EQK(’KLK)(t)TBGK(ﬂK)(t)dt7 i=0,..., K —1.
At s, v

With this construction, we obtain

uk(t;) =a = f::“ O (t)dt >0 = ul > sy,
u(ti) =b = f::“ P (t)dt <0 = uly < s, (6.52)

a < ﬂK(ti) <b = ftiiJrl (I)K(t) dt=0 = WK = ;.

This result yields the implicit formula @g(t;) = max {a,min{b, sl}}, compare this with (6.44). Next,
concerning the accuracy of G and Q in the case of piecewise constant controls with box constraints,
in view of (6.25), we assume first-order estimates, that is for every u € P% there exists C = Clullo >0
such that

Gk (w) = G2 + @k (v) — Qu)[l: <CK™!,  KE€N, (6.53)
Gg(u) = G(u), Qx(u)— Qu) in H' and uniformly on [0, 7] as K — oo.

Now, concerning our analysis in Section 6.6, we see that Lemma 6.6.1 remains valid if we replace the
rates K2 with K.

Further, due to the implicit formula (6.52), it can be shown that @x — @ uniformly on [0,7]. Theorem
6.6.3 also remains true; its proof changes only slightly.

The next issue is to verify Corollary 6.6.4. To this end, we need to make sure that v = ux — 4 € C7 in
order to apply the local coercivity of J”. Due to Eg/ C CT with 7/ := T/\/T, it is sufficient to prove that
for all ¢ € [0, 77 it holds

> a(t), ifalt)=a,
), if a(t) = b,
—a(t), if |@(t)] > 7.

The first two claims are clearly fulfilled since @y € U,q. The third claim is fulfilled for K sufficiently
large and can be shown as follows. Notice that ®x — ® uniformly on [0, 7] due to the properties of G
and Q and since Gx — @ uniformly. Further, define the set M. := {t € [0,T] | |®(¢)| > 7'} and notice
with (6.46) that u(t) € {a,b} for t € M,,. Thus, we fix any t' € M., with ¢’ € [t;,t;41[ and want to
prove f;?“ Dk (t) dt # 0 for K sufficiently large as this implies ux (t') € {a, b} due to (6.52). Due to the
Lipschitjz continuity of ® and the above mentioned uniform convergence, there exists Ky € N such that
for all K > Ny and all ¢ € [t;,t;41] it holds

O(t')—d(t) < LAt =LT/K <7'/4 and Pg(t)—P(t) < 7'/4.
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Because t' € M, it holds that ®(t') > 7 or ®(t') < —7. In the first case, we find that

tjt1 tjt1
/ Oy (t) dt > / ( P (t) — B(H)| — |®(t) — B(t)] + <I>(t’).) dt > —At7' /2 + At d(t) > 0.
t t
We argue analogously for the second case and conclude that f:"j_'—l Dk (t) dt # 0. This completes the proof
of ug —u € C%:

Now, we continue our discussion referring to Section 6.7. In the presence of box constraints, it is important

to construct some discrete control wx € PY% such that

J(w)u = Jy(ug)wk.
It can be shown that the choice

(ﬁ:# (s) ds)71 f:+1 u(s)®(s) ds, ﬁjﬂ ®(s)ds 0
At~ ftzjﬂ u(s)ds, ftHl d(s)ds =0,

tj

wi (t) 1= (6.54)

for j = 0,...,K — 1, t € [t;,t;41[ fulfills J'(@)(@ — wx) = 0 with linear accuracy ||@ — wg|s < CK~'.
Thus, using this result, we obtain the linear error estimate |4 — x|z < CyK ! with Corollary 6.6.4 and

Young’s inequality as follows

Sl =l < (7@ ~ 7)) @~ )

< (Jictax) = J'(ax)) (@ - ) + (J'(@) = Jie (k) ) (@ = we) (6.55)
< CKMfa = aclls + € (K™ + = acl2) loxc — @z
<C (K24 K Y wg — ]2 + Cellwix — al|3 +ella — uxl|3) -

Next, we present our analysis of the case of continuous, piecewise quadratic discrete controls. Analogously
to Lemma 6.5.1, we introduce for K € N the semidiscrete optimal control problem, that is, we discretize

the control-to—state map G and the target state in J but not the set of admissible controls:

min Jg(u) with Jg defined as in (6.31). (PE)

u€U,q
The necessary condition for local minima of Jx now yields the analogous result to Theorem 6.5.2.
Theorem 6.8.1. Let ux € Uyg be a local solution to (P;g) and define Ji := Gk (uk), §x = Qr(uk) €

(Pi)N. Then the implicit formula

ax (t) = max {a, min {b, f%qK(t)TB gK(t)}} . tel0,T)] (6.56)

holds and uk is a continuous piecewise quadratic polynomial (not necessarily on the same, uniform grid).

Analogously to (Pg), the problem (PX) is a-priori not a finite-dimensional one, however, equation
(6.56) implies that calculating local minima is a finite-dimensional problem. Thus in application, it is
numerically possible to compute the grid values of g and one can follow the approach from Section 9.

The next Lemma is the analogue to Theorem 6.6.3.

Lemma 6.8.2. The following results hold:

a) Let @ € Uyq be a strict local minimum of J over Ua.a. Then there exists a sequence of local minima
ux of (PEK) such that g — 4 in L?(0,T) as K — oc.
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b) For K € N let iy be a solution of (PX). Then there exists a Lipschitz continuous function
solution of (Paa) with i — 4 in L*(0,T) as K — o0o.

c¢) In both cases a) and b), the sequence (i) is bounded in H', uniformly in K.

Proof. We only sketch the proof due to its similarity to the proof of Theorem 6.6.3. In a), the sequence
(ug) is constructed analogously. Thus, in both cases a) and b), the weak convergence can be shown in
the same manner. Lastly, the strong L?-convergence of 4x to @ follows from (6.56) and Lemma 6.6.1 b).
For part c), recall that both max{f, g}, min{f, g} € WH?(0,T) if f,g,€ W1?(0,T) and their W P—norm
is bounded by || f|lw1.» + |lg|lwrp- O

The next step is to prove Corollary 6.6.4. It is only left to show that v = ux — @ is in C7, for sufficiently
large K. Once again, this is a consequence of the representation (6.56) and we omit the details.

The difference to (6.55) is that Jh (ax)(v — @ix) > 0 holds for all v € U,q instead of v from a discrete
space. Therefore, we may simply set wx = u, and an analogous coercivity estimate from Corollary 6.6.4

yields
Sl < (7@~ J' ) (0~ ) < (helane) — (@r0)) (3 — )

< C K Ha— gl

(6.57)

The last estimate follows from an application of Lemma 6.6.2.
This concludes the discussion of the box-constrained optimal control problem, and we summarize the

results in the following two theorems; compare this with Theorem 6.6.3 and Theorem 6.7.1.

Theorem 6.8.3. (The piecewise constant case with box constraints)
The following results hold.

a) Let @ € Uyq be a local minimum of J, which fulfills the second—order condition from Theorem 6.3.2.
Then there exists a sequence of local minima tux C Uaq N'PY of the corresponding discrete optimal

control problem such that ux — 4 in L*(0,T) as K — oco.

b) For K € N, let ux € Uaa NPY be a solution of the discrete optimal control problem. Then there
exists U € Unq solution of (P) with ux — @ in L*(0,T) as K — oc.

In both cases, we have the linear accuracy
lig —alls < CK L.

Theorem 6.8.4. (The continuous piecewise quadratic case with box constraints)
The following results hold.

a) Let u € Uyq be a local minimum ofj which fulfills the second—order necessary condition. Then there
exists a sequence of local minima ux C Uyq of the corresponding discrete optimal control problem

Jnin. Jx (u), (6.58)

where Uix is a continuous, piecewise polynomial and g — u in L?(0,T) as K — oo.

b) For K € N, let g € Uyq be a solution of the discrete optimal control problem (6.58). Then there
exists U € Uyq solution of (P) with ix — 4 in L*(0,T) as K — oo.

In both cases, we have at least first—order accuracy
||fLK — ’l]”g < CK™ .

Assuming o = 2 in (6.29), we remark that second—order accuracy holds in Theorem 6.8.4.
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6.9 Numerical approximation and optimization

In this section, numerical evidence is presented that supports our theoretical findings in the unconstrained
case. More precisely, we see quadratic accuracy of the finite element approximation (7.6)—(7.7) for the
forward and backward problem. Furthermore, Theorem 6.7.1 is verified numerically in the sense that
finite—dimensional solutions @ of (Pk) are computed and the convergence (6.41) with quadratic accuracy

to an exact solution @ of (P) holds.

We start this section, by calculating the finite element scheme for i =0,..., K
(Vi ¥i)2 = ((A+uB)yr, ¥i)2, (6.59)
— (g ¥i)2 = (A+uB) gk + Blyx — ya.x), V)2, (6.60)

using the hat functions {¢; | i = 0,..., K} given in (6.22)-(6.23) as basis of P. Let K € N be arbitrary
but fixed. In the following computations, we write an upper index i for an evaluation at time point
t; = iAt and we omit to write the lower index for the accuracy. Thus, v* := yx(t;), ¢* = qx(t;)" and
u® = ug(t;). Notice that the components of yx and gx belong to P} and hence on an interval [t;, ;1]

we can use the (linear Taylor) representation

Y

2T tet tivl; 6.61
A L€ lttial (6.61)

yr(t) =y + (t —t;)
an analogous representation holds for gx. In order for ux € P?( to be determined on a subintervall

[ti, ti+1[, we introduce the midpoints
ti+1/2 :tz+At/27 ti—1/2 :t1*At/2 fOI"I::O,...7K.
Thus, the exact (quadratic Taylor) representation of a discrete control uy € P% is given by

t—1;

i i+1 i+1/2 i (t —t:)*
ug(t) = u Jth(fu +4u 73u>+

TtQ2 (’U,iJrl — 2Ui+1/2 + U2> 3 te [ti,ti_}rl].

In the numerical implementation, the piecewise quadratic polynomial @y will be computed via the discrete
reduced gradient (6.33). Therefore, the evaluation of ugx at the intermediate points is a numerical
available procedure; recall that due to the finite element approximation of yx and ¢x, we obtain the
(exact) intermediate values of the discrete state and discrete co-state simply by

oy i+l i
yot+y ¢ +q
Y (tiv1y2) = — and g (tiy1/2) = —

For the forward problem (6.59), the left-hand side becomes

1, . - .

<y}<7¢¢>2:§(y1+1*y1 ), i=1,...K —1,
1 1 _

(Wi vo)e =5 (¥ =), Wi ¥x)e =5 (¥" =" 1),

2 2

The right-hand side reads for ugx € P%,i=1,..., K — 1
At i—1 i—1/2 i i—1
(A + ug B)y, i) = %((10A+ (=" + 8ui=2 4 ) B)y

(404 + (—u' ' + 12072 4 180" + 1202 — T By
+(10A + (u' + 8u't1/2 4 ui“)B)y”l).
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Let Iy € RY*YN denote the identity matrix. Combining both results, we obtain the following implicit

scheme: The value y° € R¥ is given by the initial condition and the first step to calculate y* is

At At
(IN — 55 (1044 (@ + 872 4 ul)B))yl - (IN + 55 (2044 (9u” + 12012 ul)B)>y0.
Fori=1,...,K — 2, the value of '*! is computed from y* and 3*~! via
. , At , , , .
yz-‘rl _ yl—l — %<(10A + (uz—l + 8uz—1/2 + uz)B)yz—l
+(40A + (—u' ! 4 12072 4 18" + w2 4 By (6.62)

+(104 4 (u' 4+ 8u' T2 4w ) B)y ).

Notice that this scheme is well-defined in the sense that we can solve for y**! if At is sufficiently small
depending on A, B, ||u|lec. Once again, we use the uniform bound ||ik|| g < Cj.

Next, we consider the accuracy of this scheme and verify (6.28). For this purpose, define

F(t):= A4+u(t)B and write F* := F(u(t;)) for i =0, ..., K.
Lemma 6.9.1. For the problem y' = (A + u(t)B)y with u € C*([0,T]) and unique solution y € C3([0,T]),
consider the implicit two—step scheme

. . Ats o o
Yoy = S (F“lyH +A4FYy 4 F”ly”l)- (6.63)

Then, this method is of order 2, that is, it holds for the local error
ly(t;) —y'| < CAE  as At — 0.
Furthermore, it is stable and consistent, and therefore convergent of order 2.

Proof. The claim follows by an application of Theorem 2.4 with coefficients
4
3
and Theorem 4.5 from [40, Chapter III]. O

1
042:1,061:0,040:—1, 62:ﬁ0:§761:

We remark that the scheme (6.63) is known as the Milne-method [40, Chapter III.1]. It has the same
order as (6.62) since the difference of the coefficients, e.g., u*~' 4 8u'~1/2 4 v’ = 10u’~ + O(At) is of
lower order.

Next, we prove (6.29) for linear accuracy o = 1.

Lemma 6.9.2. There exists Ko € N and C > 0 such that for all K > K

|Gk (ug) — Glu)ll2 + 1@k (uk) — Qur)ll2 < Clugey,n K

Proof. First, notice that Ky is given in Lemma 6.4.1 in order to have well-defined functions G, Q.
Fori=0,..., K, let

yi = Gk(ix), y:=G(uk), z:=Proji(y) and y':=yx(t), z' = z(t;).
Due to the second—order accuracy of the projection (6.24), we obtain

Iz — yll2 < Cl|Glag) |2 K~* < Cllig || K2 < C,K 2.
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Thus, it is sufficient to prove ||yx — 2|2 < CK~1. We do this by following the lines of [40, Chapter
I11.2] but instead of considering the pointwise local error, one needs to analyze a L?>-local error: Let y'*!
be the numerical solution of (6.63) under the assumption that the exact starting values were used, i.e.,

y* = y(t;) and y* = = y(¢;_1). Then the local L?-error is defined as

= ( / ly(5) - z(s>|2ds)

Notice that z and the exact solution y coincide at the grid points. Hence, under the assumption that

yi yi—l

1/2

lyrx — 2|

are exact and by writing yx and z via (6.61), we obtain the following

”yK . ZH%,'L _ ?((yz o Zz)? + (yz+1 _ Zz+1)2 + yz+1(yz o ZZ) + Zz+l(yz o Zz))

_ At
BE

2 _ A

i+l i+l
(y 2 3

(' —y(tisr))*

Thus, the L?local error and the pointwise local error are (up to the factor (At)!/?) the same and from [40,
Chapter II1.2], we can repeat the proof of Lemma 2.2, Theorem 2.4 with [y/(t) —y'(s)| < Cjy) . It — s|1/2
to obtain that the local L?—error is of first-order, that is,

lyr — 2|24 < CAE
Lastly, we follow the lines of the proof of Theorem 4.5 to derive the linear global error estimate
lyx — 2llL2(0,m) < CAL.
This proves the first—order accuracy for G, and the case for Qg is done analogously. O

We proceed similarly for the adjoint problem. The left—hand side is

1o ‘
—(qx, Yi)2 = 5 (qz_1 - q”l) , 1=1,... K -1,
1 1
_<q/K7¢0>2 = 5 <q0 - ql) ; _<q/K7wK>2 = 5 (qK_l - QK)

For given ux € P%, yx € (Px)", the terms on the right-hand side become

At o, , . ,
(arc(A+uB),vi)2 =30 (ql_l (10A + (u'™' + 8u'~1/2 + u")B)

+¢"(40A + (—u' + 120712 4 18U + 1202 — ) B)
+q (104 + (uf + SuT Y2 4 ) B) ),

At

(yx — Ya, i) Yi)2 = -

((yH —y D) A -y + T - yfl“))
The value of ¢¥ is given by the terminal condition, and we arrive at the following two-step scheme

At

0" (e = 55 (104 + (" + 80712 w1 B) )

—g¥ (IK + % (204 + (9u" + 12512 — qul)B))

At _ _
+§5(2(yK—y§)+yK Tyl 1)7
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¢ (I - %(NAJr(ui’l + 802 4 ') B))

, A , , , , .
=¢'! (I,, + 3—5 (104 + (—u' =" + 1202 + 18" + 120 F1/2 — u"+1)B))

At . A | | A A
+ 554 (40A F(—u ™ 120072 4180 + 120112 - u”l)B)

At /o . S i
+ gﬂ(y“ Loy Ayt — )+ - yd“)-

We remark that the linear accuracy result for the adjoint can be proven analogously to the case of the
state equation.

Once yx and gk are computed on [0, 7], we can calculate the reduced gradient via
Jie(u)(t) = qr () "By (t) +yu(t), te[0,T]. (6.64)

Notice that (6.64) is a local formula which is very advantageous from a numerical point of view in the
sense that only the values of qx,yx and w at time ¢; are needed to calculate the gradient at time ;.
We remark that in the case of using other finite element space than P?( for the discrete controls, this
feature is lost. For example, taking P}, as the discrete space for the controls, one obtains that the discrete
reduced gradient at ¢; depends on all grid values of yx (¢;), ¢k (t;), 7 =0,...,N.

Next, we construct an optimal control problem for N = 1 to which an exact solution can be obtained.
First, one picks any (by hand integrable) 4 € C?([0,1]) and yo, A, B € R; we choose yo = A = B =1 and

a(t) = 2w sin(2nt).
Correspondingly, we obtain the solution to the forward problem
t
y(t) = exp (At + B/ a(T) d7'> — elel—cos(2mt)
0

Now, the optimality condition 0 = va(t) + (t) " By(t) yields the backward solution

<

Sl
—

t
t)’

Once (@,7,q) is determined, we compute the components of the cost functional from the backward

~—

a(T) = 0.

Q)
—~
Ny

Il
|
=2

@\‘

—~

problem. We choose @ = 0, 5 = 1 and obtain the desired state

ya(t) =7 (t) + a(t) (A + a(t)B) + y(t) = —

This concludes the construction of our test problem.

Next, we briefly describe the numerical algorithm that solves our optimal control problem. We set the
number of grid points K, define a uniform grid on [0,7] and set an initial guess u o := 0 € Pz for the
discrete optimal control @g. The finite-dimensional minimization problem is solved with a non-linear
conjugate gradient (NCG) scheme, see Algorithm 1 below.

In order to support the claim of quadratic accuracy, we have solved the above constructed problem for

every number of grid points K = 1,...,300. We calculate the mappings of interest

K (lu—tkl2 15 — Uxll2, 17— axll2), ¥k = Gk (ik), Gk = Qx (lix)

and plot them for K = 5,10,...,300 in a loglog—plot; see the figures below. For illustrative purposes, we
have included two reference functions K — CK~! in a dashed line and K — CK~? in a solid line (for
a suitable constant C' > 0). Thus, it is evident that we have second-order convergence for the control,
state and adjoint.
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Algorithm 1 (NCG scheme)
1: Compute yo = G (uk,0), 90 = Qr (uK,) via (6.59)—(6.60).
2: Compute dy = Jy (uk ) via (6.64).
3: Set n =0, Nypar = 1000, e = 1077,
4: while n < n,,4, do

5: Set Uk ny1 = UKn + Ondy. > a, is obtained with a line—search algorithm.
6 Compute yx nt1 = Gr(UK,nt1), ¢k n+1 = Qi (Uk,nt1) via (6.59)-(6.60).

T if ||UK,n+1 — uK,an < ¢ then

8 set Uk := UK nt1 € 79[2(7 UK =YK n+l, OK = qK,n+1 € 7911( and terminate.

9 end if

10: Compute g,11 = j%(uK1n+1) via (6.64).

11: Set dp+1 = Bndn — gny1- > 0B, is a Fletcher—Reeves step size correction.

12: Set n=n-+1.
13: end while

Accuracy: Plot of K — ||a — @x||2 for v =1/10.
107! T T

—[lu = uxll
o CK—l
CK™2

10! 102
K Number of grid points
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Accuracy: Plot of K — ||§ — §k||2 and K — || — dx||2.
1072 T T

— 7 = Ukl

T /T 1717

10-6

10! 10
K Number of grid points

Let us conclude this chapter with a summary of our findings. First— and second—order accuracy esti-
mates for an optimal control problem governed by an ODE system with bilinear control mechanism were
presented. This problem is closely related to a semidiscrete Galerkin approximation of a Fokker—Planck
optimal control problem. The accuracy estimates were obtained based on a variational discretization
concept combined with a first— and second—order analysis of optimality of the semidiscrete and contin-
uous optimal control problems. Main emphasis was put on the unconstrained case, where the forward
and backward problem was discretized by continuous, piecewise linear polynomials. Piecewise quadratic
polynomials were used for the discretization of the controls, which lead to a setting where the optimize—
then—discretize approach coincides with the discretize—then—optimize one.

In the presence of box constraints on the control, a piecewise constant discretization for the controls was
considered and first—order accuracy estimates were obtained in that case. The theoretical claims were
supported with numerical evidence.
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Accuracy estimates for the Fokker—Planck optimal

control problem

All people are smart — some before, others after.

VOLTAIRE, 1694 — 1778

In this chapter, linear and quadratic error estimates for the Fokker—Planck optimal control problem from
Chapter 4 are derived. This is done by merging the results from Chapters 4—6 together. More precisely,
we show that the control problem under investigation satisfies the conditions of the abstract splitting
approach stated in Section 5.1. Then, semidiscrete accuracy estimates can be derived by applying the
main results of Chapter 4. In the next section, we recall the discretization concepts and precisely formulate
the claim of linear and quadratic accuracy estimates.

7.1 Main results: linear and superlinear accuracy

Let us state the optimal control problem and its semi— and fully discretizations. The minimization
problem reads

min J(u), (7.1)

uelUl)

where J(u) := J(G(u),u) with control-to-state map G : L=(0,T) — W (0,T) given in Definition 2.4.1,
where we set m = 1. The set of admissible controls UZ; is defined in (2.35) in the same section. The
cost functional J is stated in (4.4) with the assumption (J1) from the same section and regularizing norm
Y = L?(0,T). Concerning the Fokker—Planck problem, the assumptions (F1)—(F7) hold, see Chapter
2. In this chapter, we will write ¢ = ©(u), given in Definition 4.1.4, for the adjoint of the FP control
problem for the reason that the variable ¢ will be used for the adjoint of the ODE control problem.
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Next, we recall the semidiscrete minimization problem

min Jj, (u), (7.2)
ueUZ
where h > 0 denotes the spatial mesh size, and N = N(h) is the dimension of the corresponding finite
clement space PY with basis {¢; | i = 1,..., N} given in Section 5.1. We have Jj,(u) := Jy,(Gp(u), u)
with the semidiscrete control-to-state map G, : L=(0,T) — H'(0,T;P&) from (5.26) given by the
semidiscrete Galerkin scheme. The semidiscrete cost functional reads for h > 0

B a o
Jn: HY0,T;PY) x Uly = R, Ju(f u) == §Hf — pillZ2 0 + §||f(T) A R §Hu||§,

where pf := Projgz(m(pd) and p} = Projgz(m(pT). The projection Projivz(g) from L?(Q) to the finite

element space P is given in Section 5.1. We also introduce the equivalent formulation for N € N

Jn BNOD)N X UL SRy n(yu) =Dy~ o

o i
Vs 5 [W(T) ~ v+ 5““”%-
and for Yy : L2(0,T) — H'(0,T)" given in (5.25), it holds that
Jn(Gr(u),u) = In(Yn(uw),w).

The mass matrix corresponding to the finite element approximation on 2 is given by M;; := (¥4, v;) 12(q)
and the norms || - |20 and | - | o are defined below (5.20). As in (5.42)—(5.43), the functions y¢ and y”
are the coefficients corresponding to the finite element approximation of p? and p”, that is,

N N
pi(t ) = Zyd (t)%i(z) and  pj (z) = ZyT Yi().

The initial value from the ODE Cauchy problem for y = Yy (u) € H*(0,T)V reads
Y (t) = (A+u(®)B)y(t), y(0) =y € RY,

and the N x N matrices are given by A := M~1A4, B := M~!'B with

Ay = [ (@¥6,0) — b, @)e(a)) - Vo) d,
Q
Similarly, for ¢ = Qn(u) € H*(0,T)N we have
—q'(t) = Bly(t) =y’ (1) + (A+u(t) B) "q(t), q(T) = a(y(T) —y").

Thus, the Galerkin approximations Py and gn to p = G(u) and ¢ = O(u), respectively, are given by

N N
Py(ta) = y:(t)i(z), on(t,x) =Y a:(t)i(). (7.3)
i=1 i=1

We recall from Theorem 5.3.3 the convergences of Py — p and on — o in L?(0,T; H*(R)) and
L>°(0,T; L?(£2)) with linear rate, uniformly in u on UZ,. In that context, we introduce the norms corre-
sponding to the finite element representation of (7.3)

N N
> ziahi) > zVi()
i=1

=1

. |zlv e = for z € RV, (7.4)

L2(Q)

|2 Ny =

L2(©)
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Due to the boundedness of Py and oy in C([0,T]; H*(2)) by Theorem 5.3.3 €), we have that |Pn|n vy
and |on|n, vy are bounded on [0, T, uniformly in N and on UZ,.

The fully discrete minimization problem reads

min  Jy, i (u), (7.5)

where K denotes the number of uniform grid points on [0,7]. The discrete control space Ug;i, K can
be either chosen as the box constrained space of piecewise constant functions on that grid or as the
box constrained space of continuous, piecewise quadratic polynomials. The fully discrete reduced cost
functional Jg : L2(0,T) — R is given by

: BT a g

Jew) =5 [ ke e) ~ gk O de+ 5 yie(T) — 512+ 2l
0

where y% = Proji(ya). It is important to remark that the computation of Jx on U;’K is a finite

dimensional problem, since the integral over [0,7] becomes a finite sum. The fully discrete state yx =

Gk (u) and adjoint gx = QN x(u) are given for all u € L2(0,T) by the time finite element method

(ks ¢ie = (A +uB)yr, gi)a,
—(qics b2 = ((A+uB) " qx + Byx — Ya,x), di)2; (7.7)

foralli=0,...,K, where {¢; | i =0,..., K} is the basis of P} given in (6.22). In the case of u € Ua:CLK
both equations reduce to a linear multistep method.
We want to analyze linear error estimates for an optimal control @ and a minimizer uy g of the fully

discrete problem by the splitting idea
2 —tunkl2 <[l —unl2 + [an — an k]2

The idea is to apply the abstract results from Chapter 5 on the first term and the error estimates from
Chapter 6 on the second term. For the latter, we have to uniformly bound the constants appearing in
Chapter 6 as N tends to infinity. We only consider the case of piecewise quadratic controls with box
constraints from Section 6.8. A look at estimate (6.55) or (6.57) reveals the constants that needs to be
controlled is A given in Corollary 6.6.4 and C"), C'®) from Lemma 6.6.1 and 6.6.2. This issue is addressed

next.

Lemma 7.1.1. Let (F1)-(F7) and (J1)-(J2) from Chapter 4 hold. Let uw € UL satisfy the first- and
second—order assumptions (A1)-(A2). Then, the following holds:

a) The Fokker—Planck optimal control problem (7.1) and its semidiscrete problem satisfies the condi-
tions (C1)-(C5) from Section 5.2.

b) The constant A given in Corollary 6.6.4 can be chosen independent of N and K: There exists A > 0,
Ny € N and a sequence (Kp)neny C N such that the following holds for all N = N(h) > Ny and all

Sy —avclle < (J (v = Ty (@) ) (v = ).

c) j;v 1s Lipschitz continuous uniformly in N in the sense that there exists C' = ChqCr+Cy and Ng € N
such that
Iy (v = Ty (w)v < C([lu — w2 + h)[[v]|2

for all N = N(h) > No, u,w € UL, v e L?(0,T).
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We remark that the necessity of the sequence (K )nen C N comes from the fact that for given N € N,
the fully discrete solution of y and ¢ are defined only for sufficiently large K, see (7.6)—(7.7).

Now, we can formulate the main theorem on semidiscrete accuracy estimates for @ € UL, satisfying first—
and second—order optimality conditions.

Theorem 7.1.2. (Main theorem on semidiscrete accuracy estimates)

Let (F1)-(F7) and (J1)-(J2) from Chapter 4 hold. Let u € UL satisfy the first- and second-order
assumptions (A1)—-(A2). Then, there exists C = CoqCr«Cy and Ny € N such that the following holds for
all N = N(h) > Ny:

a) There exists iy € Ung which is a local minimum of the semidiscrete minimization problem (7.2).
Furthermore, for these controls (n)n>n,, conditions (C1)-(C6) are satisfied and the following
linear accuracy estimate holds

| —un|2 < Ch.

b) If additionally the regularity assumptions G(u),O(u) € L?(0,T;H3(Q)) N HY(0,T; H*(2)) hold,

then the accuracy estimate in a) is of second—order.

For the fully discrete accuracy estimates, we need the following assumption on the time discretization
scheme: For some control u € Uyg, let yV'& = Yy k(u), ¢VE = Qnkr(u) € Py and p := G(u),
0 := O(u). Then, we assume the following linear error estimate for the space—time finite element scheme:
Let pV:& oMK from P x P} with

N N
PV () = puti(@)e; (), oMK (@) =) i), (t)
i=1 i=1
be the unique solution to
T
/ (O™ i) 2y b5 + F(™N i), dt =0, i=1,...,N,j=0,..., K
0

T T
/ <8tQN7K7w’L'>L2(Q)¢j +JT-'(1/}27QN’K)¢J dt:ﬂ/ <p_pd7wi>L2(Q)¢j dt7 1= la"'aNa .] 207"'7K
0 0

with the corresponding initial and terminal condition, respectively. Then, analogously to Theorem 5.3.3,
we assume to have linear error estimates in time and space: There exists C' = CyqCr.Cy, Ng € N and a
sequence (K, )neny C N such that for all u € Uyg, K > Ky and N > Nj it holds that

1P = pllz,r + 0™ = plloc,z < C(h+ k) (Ipllz, 2 + [Pl 2), (7.8)
1™ = ellarr + 6™ = elloc2 < C(h+ k) (llell2,mr2 + llelm 2)- (7.9)

It is reasonably to assume that a linear convergence rate holds given the regularity of p and ¢ due to anal-
ogous results for space-time finite element discretizations for similar parabolic problems, cf [35]. Notice
that this implies (G1)—-(G2) below, stating that the convergences of the time—finite element discretization
of the semidiscrete problem from Chapter 6 are uniformly in N on ULy, i.e., there exists C' = CoqCr.Cy,
Np € N and a sequence (K,,)nen C N such that for all u € UaTd, N > Ngand K > Ky

|1 (0,75 (G1)
g™ = aln,wollrzo,r) < Ck |l laln,voll @ om)- (G2)

Iy = ylnvwllzzor) < Ck |l lylng

In Chapter 6, we have considered two discrete control space, the box—constrained space of piecewise
constant controls, and a variational discretization concept. We will only consider the latter case in the
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following theorem, since a variational discretization fits well to the bilinear FP optimal control problem.
Hence, the fully discrete optimal controls are given by the fully discrete version of (7.21), and therefore,

we consider the space of continuous, box—constrained, piecewise quadratic controls
Una,x = {u € C([0,T]) = u(t) = min {u™, max{¢(t) p(t),u™™}}, ¢ €[0,T], ¢, € Pk}

Theorem 7.1.3. (Main theorem on fully discrete accuracy estimates)

Let (F1)-(F7) and (J1)-(J2) from Chapter 4 hold. Let u € UL satisfy the first- and second—order
assumptions (A1)-(A2). Then, there exists C = CoqCr.Cy, No € N and a sequence (K, )nen C N such
that the following holds for all N = N(h) > Ny and all K > Ky:

a) There exists local minima un g € UaTd7K of the fully discrete minimization problem (7.5) that

converges strongly to iy in L?(0,T) as K — 0o, where iy is from Theorem 7.1.2 a).

b) If assumptions (7.8)—(7.9) or (G1)—(G2) hold, then the following linear accuracy estimate holds

lan — N, kll2 < C(h+ k).

This concludes the results on accuracy estimates of the FP optimal control problem (7.1) with a variational

discretization concept for the time dependent controls. In the next section, these statements are proven.

7.2 Proofs

Let us start with the proof of Lemma 7.1.1.

Proof of part a) from Lemma 7.1.1. In Chapter 4, we have performed a first— and second—order analysis
of the minimization problem (7.1), and in this process, conditions (C1), (C2.1)-(C2.3) have been verified.
Next, we observe that (C3) follows from the convergences of the Galerkin scheme given in Theorem 5.3.3.
Subsequently, we can examine (C4), and for that purpose, we aim to apply Lemma 5.2.2. In the proof of
Theorem 6.2.1, we have verified that Jp, is weakly—lower—semicontinuous on L2(0,7). An application of
Lemma 5.2.2 a) yields the candidates (4y)nen for our semidiscrete local minimizers. Next, we see that
J and Jy are of the form from Lemma 5.2.2 ¢). Thus, given the weak convergence iy — @ in L2(0,T),

we need to show that
Gn(ay)(T) = G(a)(T) strongly in L*(Q) and Gy(ay) — G(@) strongly in L*(Q7).

This follows immediately from the compactness of G on C([0,T]; L?(Q)), see Section 4.1, and the linear
convergence of the Galerkin scheme from Theorem 5.3.3. More precisely, it holds that

|G N (an )(T) = G(@)(T)| L2 < |G(an)(T) = G(@)(T)|[L2@) + [|Gn (an)(T) = G(an)(T)| L2 @),

and the latter term can be estimated against Ch(||G(un)|| 22 + [|G(an)||L2m1). We remark, that only
the L2(0,T; H?(2)) N H'(0,T; L?(Q))-regularity is necessary for the linear convergence of the Galerkin
scheme. Furthermore, notice that |G(an)||L2g2 and ||G(an)||gir2 are bounded uniformly in N since
|Zn]lco < Caq due to the box—constraints. Consequently, the desired convergences of Gy (un) to G()
follows. Next, due to the H?2-regularity of p? and p” and (5.7), we can conclude that

|G (i) = Projrz (o) (0)172(0p) = 1G(w) = p%)172 (00
|Gn(an)(T) — PTOJ%(Q)(PT)H%%Q) = |G)(T) = p" |70
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as N — oo. Thus, we have verified the conditions to apply Lemma 5.2.2 ¢) and conclude that (uy) are
local minimizers of Jy which converge strongly to @ in L?(0,T). We therefore obtain that condition (C4)
holds.

Lastly, let us verify condition (C5) that concerns the behaviour of the second-order derivatives of J and
Jn. We recall the derivatives for u € UL, v € L?(0,T) and N € N

J"(u)(v,v) = ||Z||2L2(QT)+/Q (p—pd)wdtdl”ﬂL/Q(p(T)—pT)w(T) dz + | 2(T)l|720) +7llvl3, (7-10)

T
i (w) (v, 0) = €113 04 +/0 (y(t) = ya(t)) " Mx(t) dt + (y(T) = y*) " MX(T) + [€(T) |30 +lv]3- (7-11)

The W (0,T)—functions z := G'(u)v, w := G"(u)(v,v) are given in (2.41) and (2.52). The H'(0,T)N-
functions & := Y} (u)v and x := Y{/(u)(v,v) have been introduced in Lemma 6.1.3. Due to the Galerkin
convergence with linear rate from Theorem 5.3.3, it holds for all u € U,q that y = Yy (u) converges to

p = G(u) with linear rate, uniformly in u on UZ

2> in the sense that

< CraCrih — 0, as N — oo, (7.12)
X

N
Z Vi (u) ¥ — G(u)

where X is L>(0,T; L%(Q)) or L2(0,T; H(Q)).

We also have to verify the convergence of the same Galerkin scheme for the Fréchet derivatives of G.
First, we observe that Theorem 4.1.1 yields higher regularity of z = G’(u)v and w = G (u)(v,v). Thus,
we may apply Theorem 5.3.3 b) to obtain a linear convergence rate of the Galerkin scheme. Consequently,
for all w € UL, v € L?(0,T), we deduce for £ = Y (u)v, x = Y (u)(v,v) the following convergences

N
Z& '(/)i —Zz < CadCF*hH’UHQ — 07 as N — O, (713)
i=1 X
and
N
D> xiti —w|| < CaaCrihllv]3 -0, as N =0, (7.14)
1=1 X

where X is L>(0,7T; L*(Q)) or L2(0,T; H*(Q)). The convergence in condition (C5) follows now directly
from (7.12), (7.13), (7.14) and the definition of y4,y*. We will prove this only for

/ ' y() T Mx (@) dt — [ p(t,z)w(t,z)dtde,
0 Qr

since the other terms can be treated analogously. Recall that M;; = [, vi(x);(x) dz. Let || - ||q =
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| - [ La(s) for ¢ € {1,2} and observe that

T
/ y(0) T M (1) dt / ot ) wit, z) dt de
0 Qp

N
<[] 3wl @) (005 0) = plt) it )| drcla
T | 5=1
N N N
<UD wivixg s —p Y _wixg| + P D wixs —pw
ij=1 =1 . =1 L
N N N N
= (Zwﬂ) Sowixi | =Y vl D vivi—w]|p
i=1 j=1 j=1 . j=1 )

N
< (Zyz%) —p
=1

N N
S|l 1D ixi — w| el
j=1

2 ||J=1 9 J 9

Since HZ;V:1 ViX; H converges to ||wl|z, it is bounded by some constant C' = C,qCF.. Consequently, an
2

application of (7.14) yields for all small A > 0

T
/ y(t) T Mx(t) dt—/ p(t,z) w(t,z) dt dr| < CogCrih||v]|3.
0 Qr

Let 6 > 0 from condition (C5) be arbitrary but fixed. Hence, there exists Ny € N such that for all
N = N(h) > Ny, it holds that CaqCr.h < 0; notice that Ny takes the role of hy from (C5). This proves
condition (C5) for one term, and as mentioned above, the proof for the other terms is done analogously.

This concludes the proof of part a). O
Since the conditions (C1)—(C5)) are satisfied, we can prove part b) as follows.

Proof of part b). First, we observe that the existence of the semidiscrete minimizer (4n)n>n, of (7.2)
and the L?—convergence to @ is given by (C4).

Next, we show how condition (C5) implies the local coercivity of j]’\’, around @y if @ fulfills the second—
order assumption (A2). This proves then that A from Corollary 6.6.4 is independent of N. For this
purpose, recall the critical cone for J

Co =S¥ Mo e I?0,T) : J'(@wv =0}

For 7 > 0 and u € UL}, we introduce the following extended cones for J and Jy at u:

u

E— 2 A~

ET =5, n{veL20,T) : |J(up] < 7|lv|2},
JE— 2 A~

EDN =5 nfve LX0,T) : [Jy(u)| < 7lfv]s}-

Obviously, C, = EY C ET C ES for 0 < 7 < 5. These extended cones are useful since, from Theorem

1.3.6, we obtain local coercivity around « in the sense that there exists ¢, A,7 > 0 such that

A A
J"(u)(v,v) > §||UH§, for all v € BT, u € Uayq N Be(w; L?). (7.15)

Condition (C5) implies that local coercivity holds for Jn around iy for all N larger than some Ny € N
since (7.15) and J” (u)(v,v) < J% (u)(v,v) + 6||v||3 imply

(g - 5) 013 < J5 (u)(w, )
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for all v € Ef and u € U,q N B-(u; L?). Furthermore, due to the strong L?-convergence of iy — u, we
find some Ny € N and £* > 0 such that

B.-(un; L?) C B.(a; L*), N > Nj. (7.16)

Let 7 > 0 be given by (7.15) and define 7/ := 7/2. Thus, it is only left to show that there exists some
N> € N such that E}LA’,N C E7 for all N > N,. For that purpose, let v* € Ej A’,N be arbitrary and observe
that for gy := Gy (un), v = Qn(unN)

| T (an)v*| = [G8 B gin, v*)2 + (i, v%)o| < 7/[0"]|2. (7.17)

Next, we obtain by Cauchy—Schwarz for p := G(a), g := ©(a)

T (@)™ | = [((BM, Vo) 12(ay, v")2 + (@, v%)a|
<@y Byn — (PM, V) 2(q)ll2][v*]|2

+ ||z — an|l2lv*ll2 + @y Byn, v*)2 + (Gn, v*)a|.

The first two terms tend to zero as N tends to infinity due to the strong L?—convergence @y — % and
qnBin — (PM, Vq)r2(0) in L?(0,T) which is shown in the proof of part ¢) below. Therefore, we find
N5 € N such that for all N > N5 it holds that

168 Byx — (b, Va) 2o l2llv*[l2 + ll@ — awll2llo*[l2 < 7'[0*|2.
The third term can also be estimated by 7/[|v*||3 due to (7.17). Thus, we have shown that
| (@)v*| < 7lv*]l2,

and hence, v* € E7. Since v* was arbitrary, we have proven that EE;VN C E7 for all N > Nj. According
to (7.15) and (C5) with the choice § = A /4, we obtain local coercivity of J5 around %y in the sense that
for ¢* from (7.16) and N* := max{Ny, N1, N2}, it holds for all N > N* that

A A /
Iy (w)(v,v) > ZHUH%, v E Egj\;N, u € Upg N Be- (i L?). (7.18)

This is a sufficient second—order condition on %y, that is, 4 is a strict local minimum of J N for N > N*
that satisfies the standard assumptions for the error analysis, see Theorem 6.8.1 and Theorem 6.8.4. This

concludes the proof of part b). O
Next, we prove part ¢) concerning the Lipschitz continuity of J s uniformly in V.
Proof of part c). Let u € UL, v € L?(0,T) and recall that
Ty = BV (w) =y, MY (o) + (Y () oz — 57) T M Ve (@)oo + 7w, ).
Analogously to the proof of Lemma 6.2.4, we see that
B{(Yn () = yh), MY (u)v)s = (Qn (u) M, vBYn (u))2 + Qu () j—p M Y3 (u)vj=1,
and hence,

I (o = (Qn(w) " BYn(u),0)2 + v(u,v)o.
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Let ¢ := Qn(u) and y := Y (w). It is very important to observe that due to the Galerkin approximation

(7.3), we can rewrite the first term for ¢ € [0, 7] as follows

o) By(t) =) /qu(t) Vi(z) " M (x) y; () (z) dz

i,j=1
= /Q Von(t,z)" M(x) Py(t,z) dz.
Thus, due to the linear convergence rate (uniformly on UZ)) of
on = O(u) in L*(0,T;H'(), Py — G(u) in L®(0,T;L*(2)),
it follows that there exists C' = CrqCr+Cy such that for all u € Ug;i and N = N(h) we have
(@ (w) T BYN(u),0)2 — (B(u) " BG(u),v)s] < Chlv]la. (7.19)
Furthermore, Jis Lipschitz continuous and independent of N, and therefore,
[(VO() "M G(u),v)2 — (VO(w) "M G(w),v)2| < Cllu—wl|a|v]|2, (7.20)

where C' = CqCr.C; is independent of u,w and N. We use the triangle inequality and both estimates
(7.19) and (7.20) to conclude

[Ty (W) — Ty (w)v] = (@n(u) "BYy(u) = Qn(w) T BYy(w),0)2 + y{u — w,v),
< C(flu—wll2 + h) [Jv]2,

where C' is independent of N = N(h) and u,w. This concludes the proof of Lemma 7.1.1. O

Next, we prove the main theorem on semidiscrete accuracy estimates.

Proof of Theorem 7.1.2. In Lemma 7.1.1, we have proven that (C1)-(C5) from Section 4.2 hold. This
implies the existence of local minima iy € UL, of (7.2) that converge strongly in L?(0,7) to 4. Let us
show the uniform convergence of 4y — @ on [0,7] as N — oo. For that purpose, recall

Blal(t)i= - [ plt.)Velt,a) M(w) do
Q
from (4.11) and let ®x[un](t) := gn(t) " Byn(t), where gy := Qn(un) and §n := Yy (uy). This implies

B [an](t) = — /Q Pr(t,2)Von(t,x)T M(z)dz, te 0,7,

Due to the FONC of the minimization problem (see Theorem 4.1.5) and the FONC (6.43) of the semidis-
crete minimization problem, the following implicit representations hold for ¢ € [0, T

a(t) = min {um max {—i@[u] (t), umin}} . Gn(t) = min {um max {—i@N[uN]@), umin}} .
(7.21)

Thus, it is sufficient to prove the uniform convergence of the continuous functions ®y[ay] — ®[a] on
[0,T7]. This follows from the convergences of Py and gy from Theorem 5.3.3 a) and e).
Next, we have to verify that condition (C6) holds and observe that

J'(un)v — Jiy(an)v = (®luy] — On[un],v)r2(0,7)-
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Applying the Cauchy-Schwarz inequality, it remains to analyze the convergence rate of
|@lax] - @xlaxlle = || [ (Ve™Mp- Vol Mpx) da]
Q

where p = G(uy) and g = O(ay). Since the convergence rates from Theorem 5.3.3 are uniform for

controls on Ug;, we have that
1P — Pnllpo;22(0) + 12 — onll 20,701 () < Ch.

Since M € L*°(Q)¢, a Holder estimate yields the first claim of (C6) with linear rate r = 1.
If p and p satisfy the higher regularity, then Theorem 5.3.3 d) yields the quadratic rates

1D — Pnllpe<o,m522(0)) + 110 — 0Nl L2070 (0)) < CR?,

where C' = C,qCr.C; depends additionally on p and g in the L?(0,T; H3(Q))- and L*(0,T; H*(Q))-
norm.

Lastly, we have to prove that (4 — @) is in the extended cone of J at @
U
By ={veS |7/ @el < llolls}

for sufficiently large N. Let 7/ := 7/+/T and observe that it is sufficient to show that for sufficiently large
N (depending on 7'), it holds that

> a(t), if a(t) = u™n,
)i a(t) = ume, (7.22)
=a(t), if |®[a](t) +~u(t)] > 7,

since this implies
' (@) (an — a)| = [(P[a] +~a, an — @) 201

< |(@[a)() + va(0) T (an (1) — a(t)] dt

/{tE[o,T]:@[u](tku(t)<r'}
<7VT ||t — un||2

=71|a — a2

Due to the uniform convergence of ® x[ay] to ®[u] and @y to @ on [0, T there exists N, € N (depending
on 7') such that for all N > N, and all ¢ € [0,T] we have

|®la](t) +yu(t) — Dnlun](t) — yun ()] < 7'/2. (7.23)

Let ¢ € [0, T] such that |®(¢') +~ya(t')| > 7/; notice that if such ¢’ does not exist, then (7.22) is (trivially)
satisfied. In order to prove (7.22), we exploit the implicit representations for 4 and @y given in (7.21).
Thus, it suffices to show ® y[tun](t') # 0 as this implies @y (¢') is equal to u™" or u™#*. For that purpose,
let N > N, and assume ® y|[uy](¢') > 0. This yields with (7.23) the contradiction

Bylan](t) = Snfan](t) — ®a)(t’) + la)(t) > S[al(t') — 7'/2 =1 —7'/2 > 0,

and we can argue analogously if ®x[tuy](¢') < 0. This proves ®y[un](t') = 0, and hence ay — @ € EF.
Therefore, the FP minimization problem and its semidiscretization satisfy conditions (C1)—(C6), and we
can apply Theorem 5.2.1 b) to obtain the linear and quadratic rates for h. This concludes the proof of
the results on the semidiscretization. O
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The last proof of this section is about the theorem on fully discrete accuracy estimate.

Proof of Theorem 7.1.3. Assertion a) was shown in Lemma 6.8.2, where the proof that ay x € UaTd’K is
given in Theorem 6.8.1.
Let us prove claim b). For the accuracy estimate of the time discretization, we follow the lines of (6.57)

and obtain

A R R
Sl =l < (v (an) = Jiv(in) ) (i = i)

< (jJ/V,K(aN,K) - jfv(ﬁN,K)) (an —un,k),

where A > 0 is given in Lemma 7.1.1 a) and independent of N and K.

Next, we have to derive a linear convergence rate in k of .J N (N ) — Jiy (x5 ) under the assumption
of (G1)~(G2).

Let Ny € N be given by Theorem 7.1.2, N > Ny be arbitrary and let Ky € N (possibly depending on N)
be sufficiently large such that for all K > Ky

N,K N,K

yV i =Yy(un k), ¢ =Qn(ink), Y =Ynk(Unk) 4 = Qn k(N K)

exists, see (7.6)—(7.7). Then, for all v € L?(0,T) we have
A A T ~ ~
(i) = Tianae)) v = [ (@07 By ) - 0¥ (07 By ) olt)
0

After applying the Cauchy-Schwarz inequality, inserting the mixed term ¢V "B yNK and using the

triangle inequality, we need to establish accuracy estimates for terms

H(qN,K _ qN)T ByN,K‘ and HqNTB (™K 7yN)’ ' (7.24)

L2(0,T)

L2(0,T)

By the definition of B, we obtain for the first term

N
[ =g By IS [ (- ) Vo) M) o (o) d
©n =174 L2(0,T)
N N
<> (qu’K - %N) Vi 1M ey || Dy "
= L@ =t 2@ | 20,1
Next, applying a Hélder estimate for the || - || 2(o,7)—norm and using the notation (7.4), we obtain
@™ = ™) " By™ ] ao.m)
N N
<13 (qu’K = qiN) Vi 1M ooy || D w5
i=1 L2(0,T;L%(Q)) Jj=1 Lo0(0,T5L2(Q))

= [lla™" - qN|va¢||L2(O,T) 1M o= o H|yN’K|N7¢HL°°(0,T) :

The last term of the third line |||yN K N,wH Lo (0T is bounded by some constant C,qCp, uniformly in

)
N, K since it converges to ||G(u)||z(0,1;22(0)) as N, K tends to infinity, where K > Ky (with Ky

possibly depending on N), since

N

N N
P el(r) < Do =y + 1>y - Gla)
=1 =t

L L2 j=1 Lo L2 Lo L2
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The first term of the last line above can be estimated against
g™ = ¢¥|nvellzom < Cklla" v vell20m
due to (G2). As N tends to infinity, the term || |¢"|n vy r2(0,) converges to
IVO(u)| L2(0.:22(0)) < 1O(@)][2(0.1:01 () < CadCriCl.
Therefore, it is also bounded uniformly in N, and we obtain
g™ — ¢V |n.vellzz0.1) < CaaCreClk.

The second term in (7.24) is estimated with (G1) analogously. This concludes the proof of Theorem
7.1.3. 0
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Appendix: Algorithms

In this chapter, we provide instructions for the MATLAB files that have been used in Section 6.9,
Algorithm 1. The numerical scheme solves an ODE-constrained optimal control problem with a non—
linear conjugate gradient scheme. Furthermore, a test file is implemented that allows to validate the
result about second—order accuracy. For comparison, the optimal control problem is also solved with an
Euler discretization for state and adjoint problem. The files can be found in the zip file OPC.zip. In order
to run the main program, execute the file OPCbilUQ.m; for the test case, run the file OPCbilUQTest.m
and for a solver using an Euler discretization scheme, run OPCbilEuler.m. For convenience of the reader,

we state Algorithm 1 again below

1: Compute yo = G (uk,0), 90 = Qr (uK,) via (6.59)—(6.60).
2: Compute dy = J) (ug o) via (6.64).
3: Set n =0, Nygr = 1000, € = 1077,

4: while n < 1,4, do

5: Set Uk ntr1 = UKn + Ondy. > «, is obtained with a line-search algorithm.
6 Compute yx n+1 = Gk (UK nt1); @ n+1 = QK (UK nt1) via (6.59)-(6.60).

7: if |Jug nt1 — Ukn|l2 < € then

8: set Ux = UK nt1 € 7312(7 UK = YKn+1, K ‘= K n+1 € 73[1( and terminate.

9 end if

10 Compute g1 = Jj (urnyi1) via (6.64).

11: Set dpt1 = Bndn — gnt1- > 0, is a Fletcher—Reeves step size correction.

12: Set n=n-+1.
13: end while

Next, we describe with briefly the content of the other files. In stateEq.m and adjointEq.m, the equations
for the state and adjoint are contained. The desired state y4 is saved in targetTrajectory.m. The func-
tions solveStateEq.m, solveAdjointEq.m solve the state and adjoint problem with an Euler discretization,
while the second—order finite element discretization is used in the file solveStateFEM.m and solveAd-
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jointFEM.m, see line 1 of the algorithm. The cost functional is saved in J.m and the computation of the
reduced gradients of J is performed in the functions gradHhat2.m and gradJhat2mid.m, see line 2. The
optimal control problem is solved with a non—linear conjugate gradient scheme, which is computed in
projectedCG.m and linesearch.m, see line 5 and line 10-11. Lastly, proj.m is a projection function that

maps a given function f to min{a, max{f,b}} for given box—constraints a, b.
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